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CHAPTER- 10
VECTOR ALGEBRA

1. SCALAR TRIPLE PRODUCT

Let 5. p and ¢ be three vectors. Then the scalar (5 X B) ¢ is called the scalar triple product of 5 .

and ¢ and is denoted by [5 b E]

- [ab<]=(axb)c

11. GEOMETRICAL INTERPRETATION OF A
SCALAR TRIPLE PRODUCT
TxT

Ifthree co-terminus edges OA. OB and OC ofa parallelopiped

are represented by the vectors 5. p and ¢ respectively, A

then px ¢ represents the vector area of the base of the c

paralleopiped and the height of the parallelopiped is the pro- )

jection of 5 along the normal to the plane containing Vec- =

tors p and ¢.le.along bxc

a(6x )

Magnitude of this projection = ‘B X

.. Volume of the parallelopiped
= (Area of base) x (Height)

bxd] [ (5 <)

Frmm (6 x3)

! Modulus has been taken as area is alwavs positive }

Thus, if 5. b and ¢ represent the three co-terminus edges of a parallelgram then its volume = o
a. (b X c)
or [a5¢]
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III.  SCALAR TRIPLE PRODUCT IN TERMS OF RECTANGULAR COMPONENTS

Let 5=al i+a:]+a3 lﬁi,‘t_)=b[ iﬂ+b:j+b3ﬁand5=c,i+c:j+c;lﬂc

i ] k
then DXC=[0r by byl = (byci-bye,) i-(b ¢ -byc) j+(be,-b,c)k
6 & e

=]

: (Bxg) =a, (b, ¢, -b;yc,)-a, (b, -by¢)+a; (b ¢, -b,c)

a] a: 33
= |b, b, b
[+ c c
Remarks :  If for any three vectors 5, b and ¢ 5 |:£ b E] =0, then the volume of the parallelopipped with

the three co-terminus edges a, b and ¢, 1s zero, which is possible only if 3. b and ¢, are co-

planar vectors.
Thus. [5 b E:l =0 < a, bandc are co-planar
IV. PROPERTIES OF SCALAR TRIPLE PRODUCT

l. If ;, b and E are any three vectors. then
[a6e]=[65a]-[sa¥]

Proof': Let 5=a[i"+a3]+a3f<, b=bii+b2j+bk and c=ci i+c:j+ csk, then

1 a b, b, b
[556]: b, by| =-la, a a
c, c c ¢ c c
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b, b, b
=(-1Yle, ¢ c I:E c 5]
a, a, a,

a6 E]=[6 ¢ a]__o

Similarly, it can be vertified that [g b C:I = I:E a B] _ oo (i)

from (i) and (11). we see that

(3 6 ¢]=[6 ¢ a]=[¢ a 8]

= If 5, band ¢ are cyclically permuted. the value of the scalar Triple Product remains unaltered.

2 In scalar triple product. the position of dot and cross can be interchanged. provided the cyelic order of
vectors remains the same.

Proof: Since I:a b :::I:[E a E]

54)

The value of the scalar triple product remains the same in magnitude. but changes the sign. if the eyclic

order of 51 B and E 1s changed.
st [n § 5] =a(bxe)—i(-oxb) =2 [cxb)=f3 & 6]
4. The scalar triple product of three vectors is zero if any two of the given vectors are equal.

Proof: Let g =ph

]
)

Similarly, if b=corc=a, [5 b E]
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5. For any three vectors g, b and ¢ and scalar ) . we have

6. The scalar triple product of three vector is zero if any two of them are parallel or collinear

Proof: let 4 be parallel (or collinear) to

. a=Ab for some scalar A

Let us now take some examples:
Examplel: If g =2i-3j+4k, b=i+2j-3kandc=3i+4j-k

then find 5(5 X E)and(z_l X B)E s 5(5 X E)= (5 X E)E 7

Solution :

1
U -

=2 (2412) 43 (=149) +4 (4-6) = 20+ 24 - § = 36

3 4
(axble=claxb)= 2 3 4 _; 0.8 4ouy-1 @rs=3+40-7=36
1 3

5.(b X c): (5 X B)E
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Example2:  Find the volume of the parallelopipped whose edges are
a=2i-3j+4k, b=i+2j-kandc=21-)+2k
Solution: Volume of the parallelopipped =

[a b C] =102 -l Do) 43(242) +4 (-1-d) = 6412 - 20 =2
2

As volume is alwavs positive, required volume is 2 cubic units

Example3:  Show that the vectors a = -4j - 63 22k, b=-1+ 4j +3kand ¢ =-81 -j + 3k are co-planar

Solution: Three vector ;;, band ¢ are coplanar if [f; 1; E] =0

[a b C] =l 4 3| o a3y 46 3424) 2 (1432) = 60 + 126-66=0
3

o.a, band ¢ are coplanar

Exampled:  Show that the vectors a = | - 2] + 3]n<, b=-2i+ 3] ~dkandc=1i - 3] + Ak are co-planar

ifA=5
Solution: Three vector ;1_ band ¢ are coplanar if I:g b E] =0
1 -2 3
-2 3 -4|=0orl (3A-12) +2 (-2A+4) +3 (6-3)=0
1 -3 A

or3-12-43+8+9=0
SA+5=0= ) =3
Example 3:  Show that four points with position vectors

6i-7j, 16i-19j-4k, 3j-6k and2i +5j+ 10k are not co-planar
14
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Solution: LetA=6i-7j, B=16i-19j-4k, C=3j-6k and D=2i+5j+10k
v a=AB= (16i-19]-4k) - (6i-7]) = 10i - 12] - 4k

b=AC = (3j-6k) - (6{-7j)=-6i+1oj-61£

¢=AD = (2i+5j+ 10k] - (6i-7j) =-4i+12j + 10k

5, b, ¢ are coplaner if [5 b, c] =0

Let us evaluate [a b c:|

10 -12 -4
L6 10 0116 (100 4+ 72) #12 (-60 - 24) -4 (-72 + 40) = 1720 - 1008 + 128 = 840 £0
-4 12 10

s.a, b, care not coplanar

i.e. points A. B. C and D are not co-planar

Example 6 :  For any three vectors -, 21., B, and E . prove that

[£+B b+ E+£]:2 [a b c]

Soio:  [atb b+c E+£]:[(5+B)X(E+E)].(E+£)

EXERCISEL.

1. Ifa= 7i_—2j +3k, b= 1—] +2k and ¢c=3i + Sj, then find a. (Bx E) and (EX B)E Also
Find whether if a. (Bx E) and (gx 5)5 are equal
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2. Ifa=2i-3j+4k, b=1i+2j-k and ¢ =31 -]+ 2k, then
) find[ab c]
(i) find [§+E b+c E+5]
3 Find the volumes of the following parallelopipeds whose three co-terminus edges are:
() a=2i-3j+4k, b=3i-j+2k and c=1i+2j-k
(i) a=i-2j+3k b=2i+j-k and c=2i+j-k
4. Show that
(i)  thevectors a=2j-j+k b=i+2j-3k and ¢=3i-4j+ 5k arc coplanar
()  thevectors a = i-2j+3k, b=-2i+3j-4k, and ¢=i-3j+ Skare coplanar
5 Find the value of 2 if the following vectors are co-planar
() a=2i-j+k b=i+2j-3k and ¢=3i-4j+5k
(i) a=2i+j+k b=2i-Aj+k and ¢=5i+]-3k
6. If I j and k are three mutually perpendicular vectors. prove that ;(E X 3) =j‘ (ln X 1;) =k (] X ;) =.]
7. Show that the four points A. B. C and D with position vectors
41+ 53 i ]n< . (:] i ]n<) 3+ 9] +4kand-41 + 4] #* 4lﬂ<, respectively are co-planar.
8. Find the value of A ifthe points A (-1, 4. -3). B=(3. }.-5), C(-3. 8 -3) and D (-3. 2.1) are coplanar
9 Show that if the vectors a, b and c are co-planar, then a+b, b+candc+a arealso co-planar.
10. If the wvectors A = af+3 + 1; B=i+ bj +kand C=i +] + ¢k are co-planar. then
l—la + 1-1b + 11 =1 wherea,b.c # |
Answers:
(1) Equal (2) (i) -7 (i1) -14 (B) @7 o

Gy DA=40G)A=-1 (&) A =2
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