Downloaded from www.studiestoday.com

@Studﬁes Today...

Q1)
Sol.1)

Q.2)
Sol.2)

Q.3)
Sol.3)

Q.4)
Sol.4)

Q.5)

Sol.5)

Class 12™

Relations & Functions
Show that the number of equivalence relation in the set {1,2,3} containing (1, 2) and (2, 1) is two.
A={1,2, 3}
The maximum possible relation (i.e. universal relation) is
R={(1,1), (2,2), (3,3), (1,2), (1,3), (2,2), (2,3), (3,2), (3,2)}
The smallest equivalence relation R; containing (1, 2)and (2, 1) is
Ri= {(111)1 (212)1 (313)1 (112)1 (211)}
we are left with four pairs (from universal relation) i.e. (2,3), (3,2), (1,3) and (3,1)
If we add (2,3) to Ry, then for symmetric by we must add (3,2) and now for transitivity we are forced
to add (1,3) and (3,1)
Thus the only relation bigger than R; is universal relation i.e R
.. The no. of equivalence relations containing (1,2) and (2,1) is two. ans.

fR={(x,y): x>+ y> < 4 ; x,y € z}isarelation on z . Write the domain of R.

R= {(011)1 (01-1)1 (012)1 (01-2)1 (lll)l (11-1)1 (_110)1 (_111)1 (-11_1)1 (210)1 (-210)}
..DomainofR={0,1,-1,2,-2} ans.

(i.e the first domain of each ordered pairs)

Let R ={(x,y): |x? — y?| < 1}be a relation on set A = {1,2,3,4,5}. Write R as a set of ordered pairs.

A={1,2,3,4,5}

for |x2 — y2| < 1: x should be equal to y

~ R={(1,1),(2,2), (3,3), (4,4), (5,5)} ans.

Ris a relation in Z defined as (a,b) € R & a? + b? = 25. Find the range.

We have, a? + b?> = 25anda,b € z

.o R= {(015)1 (01_5)1 (314)1 (31_4)1 (_314)1 (_31_4)1 (413)1 (41_3)1 (-413)1 (_41_3)1 (510)1 (_510)}
.. Range={5,5,4,-4,4,3,-3,0}

(i.e. second elements of each order pairs) ans.

Topic : Binary Operations

**RXR->R
(1)a*b=a+b (2)a*b=a-b (3)a*b =ab
Find identity element and inverse in both cases.
(1)a*b=a+b
Identity element
ax*xe=a exa=a
= a+e=a e+a=a
> e=0¢€R e=0¢€¢R
.. 0is the identity element
Inverse
ax*xhb=c¢e
> a+b=0
= b =-ae€eR {a € R...—aalso € R}

. —aistheinverseofaiea® =-a
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(2)a b =a->b
Identity element

a*xe=a exa = a

a-e =a e-a=a

—-e =0 e = 2a

e=0¢€¢R but 'e' cannot be a variable as when a changes e also change but should be same

foralla € R
.. ldentity element does not exist
hence inverse does not exist

(3Y)a b = ab
Identity element

axe =a exa=a
ae = a ea = a
e=1¢€¢R e=1¢€R
.. 1is the identity element
Inverse
axbh = e
ab =1

1
b =E € R; a+0

. . h 1

. all elements of R are invertible except '0' and a ot py a+0 ans.

Let * be a binary operation on R (real no's)
**RXR->R

a*xb=a+b+ ab

(.) Check whether * is binary operation or not
(.) Check the commutativity and Associativity
(.) Find identity element and inverse.

We have,

a*b =a+ b+ ab

since * carries each pair (a, b)in R X Rto a unique elementa + b + abinR
. *is a binary operation on R

Alternate : since(a, b) € R X Rand addition and multiplication of real no.s is also a real no.

a+b+abeR

.. *is a binary operation on R

Commutative :

leta,b € R

a*b=a+ b+ ab

b*a= b+ a+ ba

=a + b + ab ..{ addition and multiplication are itself commutative}

=a=xbh

..b*a =a=xbforala,b € R
.. ¥ is commutative on R

Associative:
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leta,b,c € R

=(a+b+ab)*c
+b+ab+c(a+ b+ ab)c
+ b+ ab + c + ac + bc + abc
+ b+ c+ ab + bc + ac + abc
* =ax* (b + c + bc)
=a+b+c+bc+al+c+ bo)
=a+b+c+ bc+ ab + ac + abc
=a+b+c+ ab + bc + ac + abc
clearly(a * b) * ¢ = a * (b x ¢)foralla,b,c € R
. *is Associative on R.
Identity element :
let e be the identity element in R
a*xe =aand e *a = aforalla € R
= a+e+a =a e+ a+ ea =
>e(l+a)=0 e(l+a)=0
=> e =0¢€R e=0¢€R
.. Ois the identity element
Inverse :
axb = e
a+b+ab =0
b(1 +a) =-a
—-a
b=EER {except a = -1}
.. —1is not the invertible element

(.) all elements of R are invertible except —1

(Janda™l=—2;a % —1
1+a P
()e.g. inverseof 2 = — = — ans.
1+2 3

c

N/

a

Q.7) Let * be a binary operationon Z (integers)a * b = a + ab
Check the commutative , Associativity , identify element and inverse (if it exists).

Sol.7)  We have

a*b =a+ abwherea,b € z
Commutative :
leta,b € z ,then
a*xb = a+ ab
b*a =b+ ba

=b + ab
bxa#axhb
eg. 1+x2)=1+MHR2)=1+2=3
2+x1)=24+21)=2+2=4
clearlyl * 2 # 2 x 1
.. ¥ is not commutative on Z
Associative :
let a,b,c € Zthen
(@a*b)*c=(a+ab)*c
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a+ ab + (a + ab)c

= a + ab + ac + abc

ax(b=+*c)=ax (b + bc)
=a + a(b + bc)
= a + ab + abc
# (a *b) xc

eg (1 *2)*3=0+2)=*3

=3 %3

=3+ 303) =12
1*2+*3)=1*«*2+6)=1x%8

=14+ 18) =9

Clearly * is not Associative on Z
Identity element:
let e be the identity element @ z, then

ax*xe=a e*xa=a

a+ ae = a e +ea =a

ae = 0 el +a)=a
a

e =0¢€z e =—
1+a

asa changese also changes , bute must be constant for all value of a
. identity element does not exist and hence inverse not possible not possible. ans.

Q.8) Let * be a binary operation on N givenbya *b=LCMofa &b
(1) Find5 * 7,20 = 16
(2) Is * commutative ?
(3) If * Associative ?
(4) Find the identity element in N.
(5) which elements of N are invertible ?

Sol.8)  We have
a*xb=LCMofa&b ; ab e N
(1)5*7=LCM of 5and 7.= 35
20 * 16 = LCM of 20'and 16 = 80
(2) Commutative :
leta,b € N
a*b=LCMofaandb
b*a=LCMofbanda
=LCMofaandb
=a*bh
..b*a=a*b foralla,b € N
. * is commutative on N
(3) Associative :
leta,b,c € N
(a * b) * c = (LCMof aand b) * c
= LCM of [(LCM of a and b) and c]
= LCM of a,band c
ax* (b *xc)=ax (LCMof bandc)
=LCM of [a and (LCM of b and c)]
=LCMofa,band c
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clearly (a * b) *x ¢ = a * (b x ¢)foralla,b,c € N
.. *is Associative on N
(4) Identity element

letebe an identity element € N

axe=a
=>LCMofaande = a e xa = a
>ICMofa&l = a LCMofeanda = a
=>e=1€N LCMoflanda = a

> e=1€N
.. listheidentity elementforalla € N
Inverse
a*xb=ce
=>LCMofaandb =1
this is possible only whena = 1 &b # 1
. 1is the only invertible element and 1 is its inverse ans.

Let R be a of real no.s andA = R X R is a binary operation on A given by (a, b) * (¢,d) = (ac, bd)
forall (a,b) (c,d) € A

(1) Show that * is Commutative

(2) Show that * is Associative

(3) Find the identity element

(4) Find invertible elements and their inverse.

We have,
(a,b) * (c,d) = (ac,bd)
Commutative :
let (a,b) & (c,d) € A,then
(a,b) * (c,d) = (ac,bd)
(c,d) * (a,b) = (ca,db)
= (ac,bd)
= (a,b) * (c,d)
. *is commutative on A
Associative :
let (a,b),(c,d)&(e,f) € A
[(a,b) (c,d)] = (e,f)
= (ac,bd) (e,f)
(ace, bdf)
(a,b) * [(c,d) * (e, f)]
(a,b) = (ce,df)
(ace, bdf)
clearly ((a,b) * (c,d)) * (e,f) = (a,b) * ((c,a) * (e,f))
. * is Associative on A
Identity element
let (x,y) be the identity element

(a,b) * (x,y) = (a,b) (x,y) * (a,b) = (a,b)

= (ax,by) = (a,b) = (xa,yb) = (a,b)
= ax = a&by =b = xa =a&yb =b
=>x =1landy =1 >x=1&y =1
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.. (1, 1) is the identity element
Inverse
(a,b) * (c,d) = (x,y)
= (ac,bd) = (1,1)
= ac = landbd =1
1
> ¢c=—andd =+
a b
11
o (c,d) = (5,7) € Rexcept (0,b) = (0,0)
(.) all elements of A are invertible except (0, 0)

(.) inverse of (0, b) is(i,%) ;(a,b)=(0,0) ans.
X is a non-empty set and * is a binary operation *: p(x) * P(x) = P(x)givenbyA X B=A N B
(.) Show * is Commutative

(.) Show * is Associative

(.) Find the Identity element

(.) Find the Invertible elements in P(x) and their inverse.

Wehave, A X B = ANB
Commutative :
letA,B € P(x)
AxB =ANB
B*xA=BnA
=ANB ... {.- N is its of commutative}
clearlyA *x B = B x A forallA,B € P(x)
. * is commutative on P(x)
Associative :
letA,B,C € P(x)
AxB)y«xC=AnNB)*=C
=(ANnB)ncC
Ax (B x*C)=Ax (B nC(C)
= AN (B NC) {nisitself Associative}
clearly (A * B) * C = A x (B * C) forallA,B,C € P(x)
. *is Associative on P(x)
Identity element
let E is an identity element then

AxE =A E+xA=A
> ANE=A > ENA=A
= F =X € (Px) = FE =X € P(x)

{reason : X is the largest subset in P(x)}
.. X is the identity element
Inverse :
AxB =FE
> ANB =X
this is possible only when A = B = X
sinceX NX =4
.. Xis only the invertible elementin P(x) and X is its inverse ans.
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