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Integration (Indefinite Integrals) 

Q.1) (i) 𝐼 = ∫
𝑥4+1

𝑥2+1
𝑑𝑥            (ii)𝐼 = ∫

𝑥3+𝑥

√𝑥4+1
𝑑𝑥 

Sol.1) (i) 𝐼 = ∫
𝑥4+1

𝑥2+1
𝑑𝑥 

Degree of 𝑁𝑟   > degree of 𝐷𝑟 

      =   ∫ 𝜃 +
𝑅

𝐷
𝑑𝑥 

      =   𝑥2 − 1 +
2

𝑥2+1
𝑑𝑥 

𝐼 =
𝑥3

3
− 𝑥 + 2tan−1𝑥 + 𝑐 

     

  𝑥2 − 1 

𝑥2 + 1 𝑥4 + 1 

 −(𝑥2 + 𝑥2) 

 −𝑥2 + 1 

 −(−𝑥2 + 1) 

 2 

  

 

(ii)𝐼 = ∫
𝑥3+𝑥

√𝑥4+1
𝑑𝑥 

      =   ∫
𝑥3

𝑥4+1
𝑑𝑥 + ∫

𝑥

𝑥4+1
𝑑𝑥 

  put  𝑥4 + 1 = 𝑡in (I) and put 𝑥2 = 𝑧in (II) 

4x3𝑑𝑥 = 𝑑𝑡   2𝑥𝑑𝑥 = 𝑑𝑧 

         𝑥3𝑑𝑥 =
𝑑𝑡

4
                           𝑥𝑑𝑥 =

𝑑𝑧

2
 

 ... 𝐼 =
1

4
∫

𝑑𝑡

𝑡
+

1

2
∫

𝑑𝑧

𝑧2+1
 

      =   
1

4
log ∣ 𝑡 ∣ +

1

2
tan−1(𝑧) + 𝑐 

      =   
1

4
log ∣ 𝑥4 + 1 ∣ +

1

2
tan−1(𝑥2) + 𝑐   ans. 

→ Type:   ∫
1

𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐
𝑑𝑥Make Perfect Square 

Q.2) (i)𝐼 = ∫
1

2x2+𝑥−1
𝑑𝑥        (ii)𝐼 = ∫

1

3+2x−𝑥2 𝑑𝑥       

Sol.2) (i)𝐼 = ∫
1

2x2+𝑥−1
𝑑𝑥 

Make perfect square 

      =   
1

2
∫

1

𝑥2+
𝑥

2
−

1

2

𝑑𝑥 
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      =   
1

2
∫

1

(𝑥+
1

4
)

2
−

1

16
−

1

2

𝑑𝑥 

      =   
1

2
∫

1

(𝑥+
1

4
)

2
−

9

16

𝑑𝑥 

      =   
1

2
∫

1

(𝑥+
1

4
)

2
−(

3

4
)

2 𝑑𝑥 

      =   
1

2
×

1

2×
3

4

log
∣
∣
∣𝑥+

1

4
−

3

4

𝑥+
1

4
+

3

4
∣
∣
∣

+ 𝑐             …...∫
1

𝑥2−𝑎2 𝑑𝑥 =
1

2a
log ∣

∣𝑥−𝑎

𝑥+𝑎∣
∣ 

      =   
1

3
log ∣

∣4x−2

4x+4∣
∣ + 𝑐 

𝐼 =
1

3
log ∣

∣2x−1

2x+2∣
∣ + 𝑐     ans. 

 

(ii)𝐼 = ∫
1

3+2x−𝑥2 𝑑𝑥 

Make a perfect square 

      =   −∫
1

𝑥2−2x−3
𝑑𝑥 

      =   −∫
1

(𝑥−1)2−1−3
𝑑𝑥 

      =   −∫
1

(𝑥−1)2−(2)2 𝑑𝑥 

      =   ∫
1

(2)2−(𝑥−1)2 𝑑𝑥 

      =   
1

2×2
log ∣

∣2+𝑥−1

2−𝑥+1∣
∣ + 𝑐          …...∫

1

𝑎2−𝑥2 𝑑𝑥 =
1

2a
log ∣

∣𝑎+𝑥

𝑎−𝑥∣
∣ 

      =   𝐼 =
1

4
log ∣

∣1+𝑥

3−𝑥∣
∣ + 𝑐     ans. 

Q.3) (a)𝐼 = ∫
1

√(𝑥−1)(𝑥−2)
𝑑𝑥       (b)𝐼 = ∫

1

√7−3x−2x2
𝑑𝑥    

(c) 𝐼 = ∫
1

√(𝑥−𝑎)(𝑥−𝑏)
𝑑𝑥     

Sol.3) (a)𝐼 = ∫
1

√(𝑥−1)(𝑥−2)
𝑑𝑥     

𝐼 = ∫
1

√𝑥2 − 3x + 2
𝑑𝑥 

      =   ∫
1

√(𝑥−
3

2
)

2
−

9

4
+2

𝑑𝑥 

      =   ∫
1

√(𝑥−
3

2
)

2
−(

1

2
)

2
𝑑𝑥 

      =   log
∣
∣
∣
∣
(𝑥 −

3

2
) + √(𝑥 −

3

2
)

2
− (

1

2
)

2

∣
∣
∣
∣

+ 𝑐          

      =   𝐼 = log ∣
∣(𝑥 −

3

2
) + √(𝑥2 − 3x + 2)∣

∣ + 𝑐 ans. 

 

(b)𝐼 = ∫
1

√7−3x−2x2
𝑑𝑥    
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      =   ∫
1

√−2(𝑥2+
3

2
𝑥−

7

2
)

𝑑𝑥 

      =   
1

√2
∫

1

√−[(𝑥+
3

4
)

2
−

9

16
−

7

2
]

𝑑𝑥 

      =   
1

√2
∫

1

√−[(𝑥+
3

4
)

2
−(

√65

4
)

2

]

𝑑𝑥 

      =   
1

√2
∫

1

√(
√65

4
)

2

−(𝑥+
3

4
)

2

𝑑𝑥 

      =   
1

√2
sin−1 (

𝑥+
3

4

√65

4

) + 𝑐                  ….......∫
1

√𝑎2−𝑥2
𝑑𝑥 = sin−1 (

𝑥

𝑎
) 

      =   
1

√2
sin−1 (

4x+3

√65
) + 𝑐        ans. 

 

(c)𝐼 = ∫
1

√(𝑥−𝑎)(𝑥−𝑏)
𝑑𝑥     

      =   ∫
1

√𝑥2−𝑎𝑥−𝑏𝑥+𝑎𝑏
𝑑𝑥 

      =   ∫
1

√𝑥2−(𝑎+𝑏)𝑥+𝑎𝑏
𝑑𝑥 

      =   ∫
1

√{𝑥−
(𝑎+𝑏)

2
}

2
−(

𝑎+𝑏

2
)

2
+𝑎𝑏

𝑑𝑥 

      =   ∫
1

√{𝑥−
(𝑎+𝑏)

2
}

2
−{

(𝑎+𝑏)2

4
−𝑎𝑏}

𝑑𝑥 

      =   ∫
1

{𝑥−
(𝑎+𝑏)

2
}

2
−{

𝑎2+𝑏2+2ab−4ab

4
}
𝑑𝑥 

      =   ∫
1

{𝑥−
(𝑎+𝑏)

2
}

2
−{

(𝑎−𝑏)

2
}

2 𝑑𝑥 

      =   log
∣
∣
∣
∣
(𝑥 −

(𝑎+𝑏)

2
) + √{𝑥 −

𝑎+𝑏

2
}

2
− (

𝑎−𝑏

2
)

2

∣
∣
∣
∣

+ 𝑐 

      =   log ∣
∣(𝑥 −

(𝑎+𝑏)

2
) + √(𝑥 − 𝑎)(𝑥 − 𝑏)∣

∣ + 𝑐  ans. 

→ Type: Separate∫
𝐿𝑖𝑛𝑒𝑎𝑟

𝑆𝑝𝑒𝑐𝑖𝑎𝑙𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙
𝑑𝑥 

Q.4) (a)𝐼 = ∫
3x−1

𝑥2+4
𝑑𝑥              (b)𝐼 = ∫

3−2x

√𝑥2+4
𝑑𝑥     

Sol.4) (a)𝐼 = ∫
3x−1

𝑥2+4
𝑑𝑥 

Separate 

      =   3∫
𝑥

𝑥2+4
𝑑𝑥 − ∫

1

𝑥2+4
𝑑𝑥 

  put  𝑥4 + 4 = 𝑡in (I) 
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          2𝑥𝑑𝑥 = 𝑑𝑡 

   𝑥𝑑𝑥 =
𝑑𝑡

2
 

...𝐼 = 3 ×
1

2
∫

𝑑𝑡

𝑡
−

1

2
tan−1 (

𝑥

2
) + 𝑐 

   =   
3

2
log ∣ 𝑡 ∣ −

1

2
tan−1 (

𝑥

2
) + 𝑐 

𝐼 =
3

2
log ∣ 𝑥2 + 4 ∣ −

1

2
tan−1 (

𝑥

2
) + 𝑐  ans. 

 

(b)𝐼 = ∫
3−2x

√𝑥2+4
𝑑𝑥 

=   3∫
1

√𝑥2+4
𝑑𝑥 − 2∫

𝑥

√𝑥2+4
𝑑𝑥 

  put 𝑥4 + 4 = 𝑡 in (II) 

      2 𝑥 𝑑𝑥 = 𝑑𝑡 

   𝑥 𝑑𝑥 =
𝑑𝑡

2
 

𝐼 = 3log ∣ 𝑥 + √𝑥2 + 4 ∣ −
2

2
∫

𝑑𝑡

√𝑡
 

      =   3log ∣ 𝑥 + √𝑥2 + 4 ∣ −2√𝑡 + 𝑐 

      =   3log ∣ 𝑥 + √𝑥2 + 4 ∣ −2√𝑥2 + 4     ans. 

 

→ Type:  Substitution and then∫
1

𝑄𝑢𝑎
𝑑𝑥 

Q.5) (a)𝐼 = ∫
cos𝑥

sin2𝑥+4 sin 𝑥+5
𝑑𝑥           (b)𝐼 = ∫

sin(2x)

√cos4𝑥−sin2𝑥+2
𝑑𝑥 

 

Sol.5)  (a)𝐼 = ∫
cos𝑥

sin2𝑥+4sin𝑥+5
𝑑𝑥 

  put sin 𝑥 = 𝑡 

cos 𝑥 𝑑𝑥 = 𝑑𝑡 

 ...𝐼 = ∫
𝑑𝑡

𝑡2+4𝑡+5
𝑑𝑥 

      =   ∫
1

(𝑡+2)2−4+5
𝑑𝑡 

      =   ∫
1

(𝑡+2)2+1
𝑑𝑡 

      =   tan−1(𝑡 + 2) + 𝑐 

      =   𝐼 = tan−1(sin𝑥 + 2) + 𝑐    ans. 

 

(b)𝐼 = ∫
sin(2x)

√cos4𝑥−sin2𝑥+2
𝑑𝑥             

      =   ∫
sin(2x)

√cos4𝑥−(1−cos2𝑥)+2
𝑑𝑥 

  put  cos 𝑥 = 𝑡 

−2 cos 𝑥 sin 𝑥 𝑑𝑥 = 𝑑𝑡 
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sin(2𝑥)𝑑𝑥 = 𝑑𝑡 

...𝐼 = ∫
𝑑𝑡

√𝑡2−(1−𝑡)+2
𝑑𝑡 

      =   −∫
1

√𝑡2+𝑡+1
𝑑𝑡 

  Proceed Yourself 

 −log ∣
∣(cos2𝑥 +

1

2
) + √cos4𝑥 + cos2𝑥 + 1∣

∣ + 𝑐 ans. 

Q.6) (a)𝐼 = ∫ √sec 𝑥 − 1𝑑𝑥  

Sol.6) (a)𝐼 = ∫ √sec 𝑥 − 1𝑑𝑥 

      =   ∫ √
1

cos 𝑥
− 1𝑑𝑥 

      =   ∫ √
1−cos𝑥

cos𝑥
𝑑𝑥 

Rationalize 

𝐼 = ∫ √
(1 − cos𝑥)(1 + cos𝑥)

cos𝑥(1 + cos𝑥)
𝑑𝑥 

      =   ∫ √
sin2𝑥

cos𝑥+cos2𝑥
𝑑𝑥 

𝐼 = ∫
sin𝑥

√cos2𝑥 + cos𝑥
𝑑𝑥 

  put cos 𝑥 = 𝑡 

 sin 𝑥 𝑑𝑥 = −𝑑𝑡 

𝐼 = −∫
𝑑𝑡

𝑡2 + 𝑡
 

  Proceed Yourself 

−log ∣
∣(cos𝑥 +

1

2
) + √cos2𝑥 + cos𝑥∣

∣ + 𝑐 ans. 

Q.7) 
(a)𝐼 = ∫ √

𝑥

𝑎3−𝑥3 𝑑𝑥              (b)𝐼 = ∫
1

𝑥2 3⁄ √𝑥2 3⁄ −4
𝑑𝑥 

Sol.7) 
(a)𝐼 = ∫ √

𝑥

𝑎3−𝑥3 𝑑𝑥 

      =   ∫
√𝑥

𝑎3−𝑥3 𝑑𝑥 

      =   ∫
√𝑥

√(𝑎3 2⁄ )2−(𝑥3 2⁄ )2
𝑑𝑥 

   put  𝑥3 2⁄ = 𝑡 

          
3

2
𝑥1 2⁄ 𝑑𝑥 = 𝑑𝑡 

          √𝑥𝑑𝑥 =
2

3
𝑑𝑡 

Downloaded from www.studiestoday.com

Downloaded from www.studiestoday.com



www.st
ud

ies
tod

ay
.co

m

 

Copyright © www.studiestoday.com All rights reserved. No part of this publication may be 
reproduced, distributed, or transmitted in any form or by any means, including photocopying, 
recording, or other electronic or mechanical methods, without the prior written permission. 

 

 ... 𝐼 =
2

3
∫

𝑑𝑡

√(𝑎3 2⁄ )2−𝑡2
 

      =   
2

3
sin−1 (

𝑡

𝑎3 2⁄ ) + 𝑐 

      =   
2

3
sin−1 (

𝑥3 2⁄

𝑎3 2⁄ ) + 𝑐     ans. 

 

(b)𝐼 = ∫
1

𝑥2 3⁄ √𝑥2 3⁄ −4
𝑑𝑥 

𝐼 = ∫
1

𝑥2 3⁄ √(𝑥1 3⁄ )2 − (2)2
𝑑𝑥 

 put 𝑥1 3⁄ = 𝑡 

       
1

3
𝑥−2 3⁄ 𝑑𝑥 = 𝑑𝑡 

1

𝑥2 3⁄
𝑑𝑥 = 3𝑑𝑡 

... 𝐼 = 3∫
𝑑𝑡

√𝑡2−22
 

      =   3log ∣ 𝑡 + √𝑡2 − 4 ∣ +𝑐 

      =   3log ∣ 𝑥1 3⁄ + √𝑥2 3⁄ − 4 ∣ +𝑐    ans. 

Q.8) (a)𝐼 = ∫
1

𝑒𝑥+1
𝑑𝑥               (b)𝐼 = ∫

1

√1−𝑒2x
𝑑𝑥            

Sol.8) (a)𝐼 = ∫
1

𝑒𝑥+1
𝑑𝑥 

      =   ∫
1

1

𝑒−𝑥+1
𝑑𝑥 

L.C.M 

      =   ∫
𝑒−𝑥

1+𝑒−𝑥 𝑑𝑥 

  put  1 + 𝑒–𝑥 = 𝑡 

         −𝑒−𝑥𝑑𝑥 = 𝑑𝑡 

𝑒−𝑥𝑑𝑥 = −𝑑𝑡 

𝐼 = −∫
𝑑𝑡

𝑡
 

      =   −log ∣ 1 + 𝑒−𝑥 ∣ +𝑐 

      =   −log ∣
∣𝑒𝑥+1

𝑒𝑥 ∣
∣ + 𝑐    ans. 

 

(b)𝐼 = ∫
1

√1−𝑒2x
𝑑𝑥 

      =   ∫
1

√1−
1

𝑒−2x

𝑑𝑥 

      =   ∫
𝑒−𝑥

√𝑒−2x−1
𝑑𝑥 

  put  𝑒−𝑥 = 𝑡 
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         𝑒−𝑥𝑑𝑥 = −𝑑𝑡 

...𝐼 = −∫
𝑑𝑡

√𝑡2−1
 

      =   −log ∣ 𝑡 + √𝑡2 − 1 ∣ +𝑐 

      =   −log ∣ 𝑒−𝑥 + √𝑒−2x − 1 ∣ +𝑐   ans. 

Q.9) (a)𝐼 = ∫
sin(2x)cos(2x)

√9−cos4(2x)
𝑑𝑥     (b)𝐼 = ∫

sin𝑥+cos𝑥

√sin(2x)
𝑑𝑥   

(c)𝐼 = ∫
sin𝑥−cos𝑥

√sin(2x)
𝑑𝑥 

Sol.9) (a) 𝐼 = ∫
sin(2x)cos(2x)

√9−cos4(2x)
𝑑𝑥 

      =   ∫
sin(2x)cos(2x)

√9−(cos2(2x))2
𝑑𝑥 

  put cos2(2x) = 𝑡 

−2cos(2x). sin(2x).2𝑑𝑥 = 𝑑𝑡 

 cos(2x). sin(2x) =
−𝑑𝑡

4
 

...𝐼 = −
1

4
∫

𝑑𝑡

√3−𝑡2
 

      =   
−1

4
sin−1 (

𝑡

3
) + 𝑐 

𝐼 = −
1

4
sin−1 (

cos2(2x)

3
) + 𝑐  ans. 

 

(b)𝐼 = ∫
sin𝑥+cos𝑥

√sin(2x)
𝑑𝑥 

      =   ∫
sin𝑥+cos𝑥

√1−1+sin(2x)
𝑑𝑥 

      =   ∫
sin𝑥+cos𝑥

√1−(1+sin2x)
𝑑𝑥 

      =   ∫
sin𝑥+cos𝑥

√1−[sin2𝑥+cos2𝑥−2sin𝑥cos𝑥]
𝑑𝑥 

      =   ∫
sin𝑥+cos𝑥

√1−(sin𝑥−cos𝑥)2
𝑑𝑥 

  put sin𝑥 − cos𝑥 = 𝑡 

(cos𝑥 + sin𝑥)𝑑𝑥 = 𝑑𝑡 

 ... 𝐼 = ∫
𝑑𝑡

√1−𝑡2
 

      =   sin−1𝑡 + 𝑐 

      =   sin−1(sin𝑥 − cos𝑥) + 𝑐    ans. 

 

 

→ Type: ∫
𝐿𝑖𝑛𝑒𝑎𝑟

𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐
𝑑𝑥and∫

𝐿𝑖𝑛𝑒𝑎𝑟

√𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐
𝑑𝑥 

Make Derivative of Quadratic in Number by Adjustment 

Q.10) (a)𝐼 = ∫
4x+1

𝑥2+3x+2
𝑑𝑥                (b)𝐼 = ∫

3x−2

1−𝑥−𝑥2 𝑑𝑥 
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Sol.10) (a)𝐼 = ∫
4x+1

𝑥2+3x+2
𝑑𝑥 

To make (2𝑥 + 3) 

      =   2∫
2x+

1

2

𝑥2+3x+2
𝑑𝑥 

      =   2∫
2x+

1

2
+3−3

𝑥2+3x+2
𝑑𝑥 

      =   2∫
(2x+3)−

5

2

𝑥2+3x+2
𝑑𝑥 

Separate 

𝐼 = 2∫
2x + 3

𝑥2 + 3x2
𝑑𝑥 − 2 ×

5

2
∫

1

𝑥2 + 3x + 2
𝑑𝑥 

  put 𝐼 = 2∫
2x+3

𝑥2+3x+2
𝑑𝑥 − 2 ×

5

2
∫

1

𝑥2+3x+2
𝑑𝑥 in (I) 

(2x + 3)𝑑𝑥 = 𝑑𝑡 

 ... 𝐼 = 2∫
𝑑𝑡

𝑡
− 5∫

1

(𝑥+
3

2
)

2
−

9

4
+2

𝑑𝑥 

      =   2log ∣ 𝑡 ∣ −5∫
1

(𝑥+
3

2
)

2
−(

1

2
)

2 𝑑𝑥 

      =   2log ∣ 𝑥2 + 3x + 2 ∣ −5 ×
1

2×
1

2

log
∣
∣
∣𝑥+

3

2
−

1

2

𝑥+
3

2
+

1

2
∣
∣
∣

+ 𝑐 

      =   2log ∣ 𝑥2 + 3x + 2 ∣ −5log ∣
∣2x+2

2x+4∣
∣ + 𝑐     ans. 

 

(b)𝐼 = ∫
3x−2

1−𝑥−𝑥2 𝑑𝑥 

To make (−2x − 1) 

      =   3∫
𝑥−

2

3

1−𝑥−𝑥2 𝑑𝑥 

      =   
−3

2
∫

−2x+
4

3

1−𝑥−𝑥2 𝑑𝑥 

      =   
−3

2
∫

−2x+
4

3
−1+1

1−𝑥−𝑥2 𝑑𝑥 

      =   
−3

2
∫

(−2x−1)+
7

3

1−𝑥−𝑥2 𝑑𝑥 

      =   
−3

2
∫

(−2x−1)

1−𝑥−𝑥2 𝑑𝑥 −
3

2
×

7

3
∫

1

1−𝑥−𝑥2 𝑑𝑥 

  put 1 − 𝑥 − 𝑥2 = 𝑡 

(−2x − 1)𝑑𝑥 = 𝑑𝑡 

...𝐼 = −
3

2
∫

𝑑𝑡

𝑡
− 7∫

1

1−𝑥−𝑥2 𝑑𝑥 

      =   
−3

2
log ∣ 𝑡 ∣ −7∫

1

−(𝑥2+𝑥−1)
𝑑𝑥 

      =   
−3

2
log ∣ 1 − 𝑥 − 𝑥2 ∣ −7∫

1

−[(𝑥+
1

2
)

2
−

1

4
−1]

𝑑𝑥 
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      =   
−3

2
log ∣ 1 − 𝑥 − 𝑥2 ∣ −7∫

1

−[(𝑥+
1

2
)

2
−(

√5

2
)

2

]

𝑑𝑥 

      =   
−3

2
log ∣ 1 − 𝑥 − 𝑥2 ∣ −7∫

1

(
√5

2
)

2

−(𝑥+
1

2
)

2
𝑑𝑥 

      =   
−3

2
log ∣ 1 − 𝑥 − 𝑥2 ∣ −7 ×

1

2×
√5

2

log
∣
∣
∣
∣√5

2
+𝑥+

1

2

√5

2
−𝑥−

1

2
∣
∣
∣
∣

+ 𝑐 

      =   
−3

2
log ∣ 1 − 𝑥 − 𝑥2 ∣ −

7

√5
log ∣∣

∣√5+1+2x

√5−1−2x∣∣
∣ + 𝑐       ans. 
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