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Integration (Indefinite Integrals)

-> | Type: Integration By Parts :

Q1) (@) = [ x%sinx dx (b)] = [ x sinxdx

Sol.1) |(a) = [ x?sin x dx

= x2%(—cosx) — [ 2x. (- cos x)dx

= —x?cosx — 2J x cos x dx

= —x?cosx — 2[x(sinx) — [ (1).sinx dx]
= —x?cosx — 2[x sinx + cosx] + ¢  ans.

(b) = [ x sin?x dx

- fx (l—cozs(ZX)) dx

= %f x — x cos(2x)dx

= %f xdx — %f x cos(2x)dx

» : .

- %2% 1_ % [X sm;2x) _ { (1).sm;2x) dx]

=73 [Exsin(Zx) — Ef sin(Zx)dx]
2

X 111 . 1
P [Exsm(Zx) + Zcos(Zx)] +c ans.

I
~ a
Il
|
|
|

Q.2) |(a)] = [logx dx (b)] = J (logx)?dx
(©f = [ &% qx

x2

Sol.2) |(a)l = [ log x dx

[ log x. 1dx

logx.(x)— [ i.(x)dx
xlogx — [ 1.dx

I =xlogx—x+c ans.

()] = [ (logx)?dx

[ (log x)?.1dx

(logx)?.x — | 21(;‘(”x.xalx

x(log x)? — 2 log x. 1dx

x(logx)? — 2 [logx.(x) —f i.xdx]

x(logx)? — 2[xlogx — x] + ¢ ans.

(O = [ 28X gy

x2

1
f;.logx dx

log.x () =/ £() dx

-1 1
—logx + —dx
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-1 1

= 710gx—;+c ans.
Q3) | (a) = [sin"'x dx (b)] = [ (sin~'x)%dx
Sol.3) | (a)] = [ sin"'x dx

= [ sin"'x. 1dx

— ain-1 _ 1
= sin~t. (x) fm.xdx
putl —x%2 =t

—2xdx =dt
xdxz—%

J=xsinlx4+1[%
~JI = x sin x+2f\/E
o 1
= x sin 1x+;><2\/f+c
I =xsin"'x+V1—x2+¢ ans.

(b)] = [ (sin~'x)%dx
[ (sin™'x)2. 1dx

-1
(sin"'x)%.x — | Z%de
x(sin~'x)% — 2 x dx

sin~1x
V1-x2
put sin"lx =t @ (x = sint)
1
——dx =dt

i

o1 = x(sin"'x)? — 2 sint. tdt

x(sin~1x)% — 2[t(—cost) — [ (1)(—cost)dt]

x(sin"x)% — 2[—tcost + sint] + ¢

x(sin"1x)? — 2[—sin"1xvV1 — x2 + x] + ¢ ans. ...
{sint = x then cost = \/1 —sin?t = \/1 - xz}

-1 2qin—1
Q8 @) = [ X gy (o) = x 20X iy
(1+x2)2 (1-x2)2

tan~1x
@I =[= dx
(1+x2)%
B f xtan~1x

V1+x2(1+x2) dx
put tan"lx =t

Sol.4)

. 1
"t 14x2

dx = dt
alsox = tant

xt
.o I —fﬁdt
put x = tant

I=f tant.t

—dt
V1 + tan?t

Jt22 e

sect

[ tsin t dt
t(—cost) — [ (1)(—cost)dt
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..tant = x
[ P=x,B=1 ]
= —tcost+sint+c | H=+Vx2+1 |
[cost = E,sint = EJ
1 H H
= —tan~ly —L
= —tan x.m+m+c ans.
2cin—1
(b)] = =" dx
(1- xz)2
_ J‘ x sin™ X d
(1 —x2)V1—x2
put sin"lx =t (sint = x)
1
. ﬁdx =dt
[=]-= = x2) dt
put sint = x
sin?t.t
I'= f 1—sin2tdt
= [ tan®t.tdt
= [ (sec?t — 1)tdt
= [ tsec?t — tdt
= [ tsec?tdt — [ tdt
..Sint = x
P=xH=1
2 — — 2
= t(tant) — [ (1).tantdt — = =Vvl-x
2 tant = -
B
sect =2
5 B
= ttant —log | sect | —%+c
in—1,2
= sin~x. x/1—f_ — log|\/117| — (sz 4 ¢
x sin~1x (sin~1x)?
= =3 logl1—x%|— ———+c ans.
QS) I — f x—sinx dx
1—cosx
Sol.5) _ x—sinx
(a)I - f 1-cosx dx
x—2sinZ.cos>
R
2
Separate
= %f xcosec? G) dx — [ cot (5) dx
= %[x (—Zcot (g)) fZ( cot( )dx)] — 210g|sm( )|
= 2[—=2xcot (g) + 2 cot (E) dx] — 2log |51n E'
x . (x | . X]
= [ 2xcot (E) + 2 X 2log |sm (5)” — 2log |sin 2l
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—xcot (g) + 2log |sin (§)| — 2log |sin (§)| +c
= —Xxcot (g) +c ans.

Q.6) |(a)] = [ xsin~tx dx (b)I = [ sin~xdx

Sol.6) [(a)] = [ xsin~'x dx

2 2
- X
= sin 1x.7—f

1 X
Vi-x2' 2
- 2 gin-lx Lr * dx
T2 27 J1—x2
2 2
X - 1 —-X
= —sin"'x+-| ——dx
2 + Zf V1-x2
2 2
X7 in—1 1 1-x2-1
= =sin"T'x +-) —dx
2 + Zf V1i—x2
2
X -1 1 2 1
= —SIlnh —_ 1 J— —
7 S x"‘zf\/ x? — —==dx
x2 - 11lx 1 . _ L
— sin tx + E[EVl —x? +>sin L(x) —sin 1(x)] +c
A/ 5% , @* . 1 (x
[ f a2 —_ x2 = a2 — x2 +751n 1 (Z)]

X
2
2
X . 1|x 1 . _
~-sin 1x+5[5\/1—x2—551n 1x]+c ans.

dx

(b)] = [ sin™"xdx

put \/Ezt
x =t?
dx = 2tdt

o1 =2[sin"tt.t dt
Proceed as above QUES.

x sin~1x + %\/x —x2 — %sin‘lx/}_ +c ans.
Q.7) _rsinTlx _ sin”Wx—cos™1Vx
(@)l = f x?2 dx (b)I = f sin~1y/x+cos~1vVx

Sol.7) (a)] = f sil;—lx dx

2
putsinTlx =t

x = sint
. dx =costdt
tcost
o= [ ——dt

[t cosect.cotdt

= t(—cosect) — [ (1)(—cosec t)dt
= _—t+fcosectdt

sir}t
= —+log | cosect —cott | +c
sint 1
—sin™*x 1 cott
= + log |— — = |
X sint sint
—sin~1x 1 Vi1i-x2
= +log|—— |+ ¢ ans.
X |.X' X |

_ sin”WWx—cos™Vx
(b)I = f sin~1W/x+cos~1Vx dx
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. — T
Property : sin"1x + cos lx = 2+ -sin “1/x + cos Wx = >

sin~1/x — (——sm \/_)

T

= %f 2sin~/x — gdx
= %fsin‘lx/}dx — [ 1.ax
put\/E =t
x = t?
dx = 2tdt
I= %f sin~tt.tdt — x
1

-sin‘lt & !
| 2 2 Vl—

1= dx

2dt] —x

—.sin - X

—sm‘1t+ f \/_dt]—x
?Sln 1t+5f\/1—t2—
2
%sin‘lt + %{%\/1 -t + %sin‘l(t) — sin‘l(t)}] —x+c
2
t—sin‘1t+l{§\/1—tz—lsin‘lt}]—x+c
= —sm‘1t+ \/1+t2——51n 1t]—x+c
replacetby\/_

- in-1
8 _1\/;4_\/?\/1 x _sin Vx

———Sln ]—x+c ans.
L2 4 4

— X

:lloozlloozlloo':lloo':lloo«:llooﬁloo

Q.8) 2 2401)— ’ _
(a)] = f Vx2+1[log(x2+1)—2logx] I (b)I = ftan‘l iTidx

x4

Sol.8) VxZ+1[log(x%+1)— Zlogx]d

@l =] ®
f Vx2+1(log(x?+1)-log(x

2
D) dy

\/m]og—(xzﬂ)]

- |

take x%common

f x ,1+xi2.log(1+xi2) P

x4

X

1+xi2.log(1+xiz)
= [ —dx
X
1
put 1 + 2 =t
Zax = dt pedx =X
X _1 X 2
d= 7f Vt.logtdt

-1 2,32 2,1 2
= 7[]0gt.§(t)2 —gf ?.tzdt]
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_ 5 1
= Elogt. tz—= tzdt]

= Elogt. £ — 4t%] .

_ 3
—1x3xt5[logt—31+c
2 73 3

replacing t

= _?1(1+x—12)%_[log(1+x—12)—§] + ¢ ans.

= -1 /1‘_"
(b)I = ftan T dx

put x = cos(260)

o —1 |1—cos(20)
-1 = [tan /—1+Cos(29) dx

_1 [2sin26
[ tan™t dx

2cos26
= [tan~!(tanf)dx
= [6.dx
replacing 0

= %f cos txdx

= %fcos‘lx. 1dx

-1 -1 S e

= 2[cos X. X fm.xdx]
-1 -1 _x

= 2[xcos x+fmdx]

-d
putl—x2=t xdx=7t

=1 -1, _1lradt
..I—Z[xcos x zfﬁ
xcos‘lx—%xzﬁ]+c

xcos lx — V1 —x2|+c ans.

|
1

Q.9) 2

X X

(o) = [

a+x (x sin x+cos x)?

(a)l = [ sin?

Sol.9
ol-9) (@)l = [ sin™! /a%dx

put X = a tan?0
dx = 2a tanf.sec?6d6

. 29
o1 =2af sin7? /an.tane.seCZBdH
a+a tan?60
1 [tan?g
2af sin! |222 tan.sec?6.do
sec?6

2af sin~'V/sin26.tan6. sec?6d6

2a/ sin~!(sind).tanb. sec?6do

2af 6.tan@.sec?0do

2al6. [ tanfsec?8d6 — [ (1. [ tanb. sec?6d6)ds]
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put tanf = t in both integrals
s.sec?0dl = dt
= 2al0. [ tdt — [ (J tdt)ds]

afog ()

replacing t
r 2
- 2alg. 2 6—%ftan29.d9]
- 2
= 2a[0.%2% — 1] (sec?6 — 1)d6|

tan26

[ 1
= 2a _G.T—E{tane — 9}] +c

replacing 8 by tan_l\/é
= a tan‘l\/g.f—{\/z—tan‘l\/g}]+c

] aa a a
= a ftan‘l\/z—\/zﬁLtan‘l\/g]+c

| a a a a
= a tan‘l\/g(£+1)—\/z]+c ans.

] a\a a

2

x
(b)I = f (x sin x+cos x)2

adjustment
_ J‘ X.X.COSX .seCcx

(x sin x+cos x)2

~(x sec x). [ —1LX__
"7 (xsinx+cos x)?2
Both parts
X COSX d X COSX
= XSecx. —_— — (X secx). —_—
f(xsinx+cosx)2 fdx( )f(xsinx+cosx)2

put x sin x + cos x = t in both integrals
(xcos x + sinx — sin)dx = dt
xcosx dx =dt

d d
ol =xsecx | t—f—f(xsecxtanx+secx).f t—zt

t
replacingtbyx sinx + cosx =t
—X Secx

-1
= ———— — [ (xsecxtanx + secx) (—) dx
xsin x+cos x XSsSin x+cos x
—X Ssecx

= ——+ [ secx(xtanx + 1)

xsin x+cosx xsin x+cos x

—XSecx x sin x+cosx 1
= ————> 4+ [ secx _ dx
X Ssinx+cosx COosx xXsinx+cosx

—Xsecx
= ————— — [ sec’x dx
xS_]n .?é'g'COSx

X
= — 4+ tanx + ¢ ans.
xsin x+cos x

= X secx[ 1] — [ (x secx tanx + secx) (_71) dx

Q.10)

I = [ sec3x dx

Sol.10)

I = [ sec3xdx
= [ sec x.sec?®x dx
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= secx.tanx — [ secx.tanx.tanxdx

= secx.tanx — [ secx(sec?x — 1)dx

= secx.tanx — [ sec3x —secx dx

= secx.tanx — [ sec®x dx + [ sec x dx
I =secx.tanx — [ +log | secx + tanx |

2] =secxtanx + log | secx +tanx | +c

ST = %[secxtanx+ log | secx +tanx |] + ¢ ans.
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