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DEFINITE INTEGRALS 

Q.1) 
𝐼 = ∫ log (

2−𝑠𝑖𝑛 𝑥

2+𝑠𝑖𝑛 𝑥
)

𝜋

2

−
𝜋

2

𝑑𝑥                    

Sol.1) 
𝐼 = ∫ log (

2−𝑠𝑖𝑛 𝑥

2+𝑠𝑖𝑛 𝑥
)

𝜋

2

−
𝜋

2

𝑑𝑥 

Here    𝑓(𝑥)  = log [
2−𝑠𝑖𝑛 𝑥

2+𝑠𝑖𝑛 𝑥
]  

         𝑓(– 𝑥)  = log [
2−𝑠𝑖𝑛(−𝑥)

2+𝑠𝑖𝑛(−𝑥)
] 

                  = log (
2+𝑠𝑖𝑛 𝑥

2−𝑠𝑖𝑛 𝑥
) 

                  =  −log (
2−𝑠𝑖𝑛 𝑥

2+𝑠𝑖𝑛 𝑥
)                    ……..[log (

𝑎

𝑏
) = −log (

𝑏

𝑎
)] 

          𝑓(– 𝑥)   = – 𝑓(𝑥) 

∴    𝑓(𝑥) →  𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

∴   𝐼 =  0                    𝐴𝑛𝑠 ….  

Q.2) 
 𝐼 = ∫ 𝑠𝑖𝑛2𝑥

𝜋

2

− 
𝜋

2

𝑑𝑥  

Sol.2) 
 I = ∫ 𝑠𝑖𝑛2 𝑥

𝜋

2

− 
𝜋

2

𝑑𝑥 

   𝑓(𝑥)  =  𝑠𝑖𝑛2 𝑥 

 𝑓(– 𝑥)  = 𝑠𝑖𝑛2(−𝑥)  = (− sin 𝑥)2  = 𝑠𝑖𝑛2𝑥 = 𝑓(𝑥) 

∴   𝑓(𝑥)  → an even function 

∴  𝐼 = 2 ∫ 𝑠𝑖𝑛2 𝑥
𝜋

2
0

𝑑𝑥                …….{∵   ∫ 𝑓(𝑥)
𝑎

−𝑎
𝑑𝑥 = 2 ∫ 𝑓(𝑥)

𝑎

0
𝑑𝑥} 

     𝐼 =  
2

2
∫ 1 − 𝑐𝑜𝑠 (2𝑥)

𝜋

2
0

𝑑𝑥 

     𝐼 =  [𝑥 −  
𝑠𝑖𝑛(2𝑥)

2
]

0

𝜋

2
  

     𝐼 =  [
𝜋

2
−

𝑠𝑖𝑛(𝜋)

2
] − [0]  

     𝐼 =  
𝜋

2
    𝐴𝑛𝑠 … ..              {∵   𝑠𝑖𝑛 (𝜋) = 0}  

Q.3) 
 𝐼 = ∫ 𝑠𝑖𝑛4𝑥

𝜋

4

− 
𝜋

4

𝑑𝑥  

Sol.3) 
 𝐼 =  ∫ 𝑠𝑖𝑛4𝑥

𝜋

4

− 
𝜋

4

𝑑𝑥 

Clearly 𝑓(𝑥) is an even function 

∴   𝐼 = 2 ∫ 𝑠𝑖𝑛4𝑥
𝜋

4
0

 𝑑𝑥  

       =  2 ∫ (𝑠𝑖𝑛2𝑥)2
𝜋

4
0

𝑑𝑥  
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       =  2 ∫ (
1−𝑐𝑜𝑠(2𝑥)

2
)

2𝜋

4
0

𝑑𝑥   

       =  
2

4
∫ 1 + 𝑐𝑜𝑠2(2𝑥) − 2 𝑐𝑜𝑠(2𝑥)

𝜋

4
0

𝑑𝑥   

       =  
1

2
∫ 1 +

1+𝑐𝑜𝑠(4𝑥)

2
− 2 𝑐𝑜𝑠 (2𝑥)

𝜋

4
0

𝑑𝑥  

       =  
1

4
∫ 3 + 𝑐𝑜𝑠(4𝑥) − 4 𝑐𝑜𝑠(2𝑥)

𝜋

4
0

𝑑𝑥  

       =  
1

4
[3𝑥 +

𝑠𝑖𝑛(4𝑥)

4
− 2 𝑠𝑖𝑛(2𝑥)]

0

𝜋

4
  

       =  
1

4
[(

3𝜋

4
+

𝑠𝑖𝑛 𝜋

4
− 2𝑠𝑖𝑛 (

𝜋

4
)) − (0 + 0 − 0)]  

       =  
1

4
[

3𝜋

4
+ 0 − 2]                 … … … {∵ 𝑠𝑖𝑛(𝜋) = 𝑠𝑖𝑛(2𝜋) = 0}  

       =  
3𝜋

16
−

1

2
           𝐴𝑛𝑠 … ..  

Q.4) 
∫ √

𝑎−𝑥

𝑎+𝑥

𝑎

−𝑎
𝑑𝑥                    

Sol.4) 
𝐼 =  ∫ √

𝑎−𝑥

𝑎+𝑥

𝑎

−𝑎
𝑑𝑥   

rationalize 

      𝐼 =  ∫
𝑎−𝑥

√𝑎2−𝑥2

𝑎

−𝑎
𝑑𝑥 

      𝐼 =  𝑎 ∫
1

√𝑎2−𝑥2

𝑎

−𝑎
𝑑𝑥 − ∫

𝑥

√𝑎2−𝑥2

𝑎

−𝑎
𝑑𝑥  

𝐿𝑒𝑡  𝑓(𝑥)  =  
1

√𝑎2−𝑥2
        ;        𝑔(𝑥)  =  

𝑥

√𝑎2−𝑥2
  

      𝑓(– 𝑥)  =  
1

√𝑎2(−𝑥)2
     ;       𝑔(– 𝑥)  =  

−𝑥

√𝑎2−(−𝑥)2
  

      𝑓(– 𝑥)  =  
1

√𝑎2−𝑥2
       ;        𝑔(– 𝑥)  =  

−𝑥

√𝑎2−𝑥2
  

      𝑓(– 𝑥)  =  𝑓(𝑥)            ;         𝑔(– 𝑥)  = – 𝑔(𝑥)  

𝑓(𝑥)  →  𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛           𝑔(𝑥)  →  𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

∴  𝐼 =  2𝑎 ∫
1

√𝑎2−𝑥2
𝑑𝑥 − 0

𝑎

0
       … … . {∵   ∫ 𝑓(𝑥)

𝑎

−𝑎
𝑑𝑥 = {

2 ∫ 𝑓(𝑥)
𝑎

0
𝑑𝑥 ∶ 𝑓(𝑥)𝑒𝑣𝑒𝑛

0 ∶ 𝑓(𝑥)𝑜𝑑𝑑
}}  

    𝐼 =  2𝑎 (𝑠𝑖𝑛−1 𝑥

𝑎
)

0

𝑎
  

    𝐼 =  2𝑎 (𝑠𝑖𝑛−1(1) − 𝑠𝑖𝑛−1(0))  

    𝐼 =  2𝑎 (
𝜋

2
)  

    𝐼 =  𝑎 𝜋         ans. 

Q.5)  𝐼 =  ∫
2𝑥 (1+ 𝑠𝑖𝑛 𝑥)

1+𝑐𝑜𝑠2𝑥

𝜋

−𝜋
𝑑𝑥  

Sol.5)  𝐼 =  ∫
2𝑥 (1+ 𝑠𝑖𝑛 𝑥)

1+𝑐𝑜𝑠2𝑥

𝜋

−𝜋
𝑑𝑥  
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      𝐼 =  ∫
2𝑥+ 2𝑥 𝑠𝑖𝑛 𝑥)

1+𝑐𝑜𝑠2𝑥

𝜋

−𝜋
𝑑𝑥  

      𝐼 =  ∫
2𝑥

1+𝑐𝑜𝑠2𝑥

𝜋

−𝜋
𝑑𝑥 + 2 ∫

𝑥 𝑠𝑖𝑛 𝑥

1+ 𝑐𝑜𝑠2𝑥

𝜋

−𝜋
𝑑𝑥  

  𝑓(𝑥)  =  
2𝑥

1+𝑐𝑜𝑠2𝑥
        ;        𝑔(𝑥)  =  

𝑥 𝑠𝑖𝑛 𝑥

1+𝑐𝑜𝑠2𝑥
  

𝑓(– 𝑥)  =  
−2𝑥

1+𝑐𝑜𝑠2𝑥
        ;      𝑔(– 𝑥)  =  

(−𝑥)𝑠𝑖𝑛(−𝑥)

1+𝑐𝑜𝑠2 𝑥
  

𝑓(– 𝑥)  = – 𝑓(𝑥)            ;      𝑔(– 𝑥)  =  
𝑥 𝑠𝑖𝑛 𝑥

1+𝑐𝑜𝑠2𝑥
= 𝑔(𝑥)  

𝑓(𝑥)  →  𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛   ;       𝑔(𝑥)  →  𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

∴   𝐼 =  0 + 4 ∫
𝑥 𝑠𝑖𝑛 𝑥

1+ 𝑐𝑜𝑠2𝑥

𝜋

0
𝑑𝑥  

 

       Removal of 𝑥 (already done)  

Do yourself 

  𝐼 =  𝜋2 ans. 

Q.6) 𝐼 = ∫ 𝑐𝑜𝑠5𝑥
2𝜋

0
𝑑𝑥       

Sol.6)  𝐼 = 2 ∫ 𝑐𝑜𝑠5𝑥
𝜋

0
𝑑𝑥                      ……{∫ 𝑓(𝑥)

2𝑎

0
𝑑𝑥 = 2 ∫ 𝑓(𝑥)

𝑎

0
𝑑𝑥  𝑓(2𝑎 − 𝑥) = 𝑓(𝑥)} 

      𝐼 =  2 ∫ 𝑐𝑜𝑠5 𝑥
𝜋

0
𝑑𝑥                     …….(1) 

      𝐼 = 2 ∫ 𝑐𝑜𝑠5(𝜋 − 𝑥)
𝜋

0
𝑑𝑥           …….[∫ 𝑓(𝑥)

𝑎

0
𝑑𝑥 =  ∫ 𝑓(𝑎 − 𝑥)

𝑎

0
𝑑𝑥] 

      𝐼 = −2 ∫ 𝑐𝑜𝑠5𝑥
𝜋

0
𝑑𝑥                  ……(2)                   ……..[∵   𝑐𝑜𝑠(𝜋 − 𝑥) = −𝑐𝑜𝑠 𝑥] 

 (1)  +  (2) 

2 𝐼 =  0 

   𝐼 =  0    𝐴𝑛𝑠…… 

 

Q.7) 
 𝐼 = ∫ (𝑥3 + 𝑥2 𝑡𝑎𝑛 𝑥 + 𝑠𝑖𝑛 𝑥 − 𝑥2)

𝜋

2
−𝜋

2

𝑑𝑥 

Sol.7) 
 I = ∫ 𝑥3 + 𝑥2 𝑡𝑎𝑛 𝑥 + 𝑠𝑖𝑛 𝑥

𝜋

2
−𝜋

2

𝑑𝑥 − ∫  𝑥2
𝜋

2
−𝜋

2

𝑑𝑥 

𝑓(𝑥)  =  𝑥3  +  𝑥2𝑡𝑎𝑛 𝑥 +  𝑠𝑖𝑛 𝑥 𝑔(𝑥)  = 𝑥2 

𝑓(– 𝑥) = −𝑥3 −  𝑥2𝑡𝑎𝑛 𝑥 −  𝑠𝑖𝑛 𝑥 𝑔(– 𝑥)  =  (−𝑥)2 =  𝑥2 

𝑓(– 𝑥)  = – (𝑥3  +  𝑥2𝑡𝑎𝑛 𝑥 +  𝑠𝑖𝑛 𝑥) 𝑔(– 𝑥)  =  𝑔(𝑥) 

𝑓(– 𝑥)  = – 𝑓(𝑥) 𝑔(𝑥)  →  𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

∴  𝑓(𝑥)  →  𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

∴ 𝐼 = 0 − 2 ∫ 𝑥2
𝜋

2
0

𝑑𝑥                 …….{property-VII} 
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      = −2 (
𝑥3

3
)

0

𝜋

2
  

      =  −2 (
𝜋3

24
)  

      = 
−𝜋3

12
     ans. 

Q.8) Evaluation using limit as sum 𝐼 =  ∫ 3𝑥 − 2
4

2
𝑑𝑥 

Sol.8) Here 𝑎 =  2 , 𝑏 =  4 𝑎𝑛𝑑 𝑛ℎ =  4 –  2 =  2  

𝐼 =  𝑙𝑖𝑚
ℎ→0

ℎ[𝑓(2) + 𝑓(2 + ℎ) + 𝑓(2 + 2ℎ) … … 𝑓(2 + (𝑛 − 1)ℎ)]  

  =  𝑙𝑖𝑚
ℎ→0

ℎ[(6 − 2) + (6 + 3ℎ − 2) + (6 + 6ℎ − 2) +  … … . (6 + 3(𝑛 − 1)ℎ − 2)]   

  =  𝑙𝑖𝑚
ℎ→ 0

ℎ[4 + (4 + 3ℎ) + (4 + 6ℎ) +  … … (4 + 3(𝑛 − 1)ℎ)]  

  =  𝑙𝑖𝑚
ℎ→ 0

ℎ[(4 + 4 + 4 … . . 𝑛 𝑡𝑒𝑟𝑚) + (3ℎ + 6ℎ +  … … 3(𝑛 − 1)ℎ)]  

  =  𝑙𝑖𝑚
ℎ→ 0

ℎ[4𝑛 + 3ℎ(1 + 2 +  … … (𝑛 − 1))]  

  =  𝑙𝑖𝑚
ℎ→ 0

ℎ [4𝑛 + 3ℎ .  
𝑛(𝑛−1)

2
]  

  =  𝑙𝑖𝑚
ℎ→ 0

[4𝑛ℎ + 3 
(𝑛ℎ)(𝑛ℎ−ℎ)

2
]  

𝑃𝑢𝑡 𝑛ℎ =  2  

∴  𝐼 =  𝑙𝑖𝑚
ℎ→0

[8 +
3(2)(2−ℎ)

2
]    

      =  8 +
3(2)(2)

2
  

   𝐼 =  14     𝐴𝑛𝑠 ….  

𝐶ℎ𝑒𝑐𝑘: 𝐼 =  ∫ 3𝑥 − 2
4

2
𝑑𝑥 = [

3𝑥2

2
− 2𝑥]

2

4

= [(24 − 8) − (6 − 4)]  

                                           =  16 –  2 =  14  

Q.9) 𝐼 =  ∫ 3𝑥2 + 2𝑥 − 5
2

−1
𝑑𝑥  

Sol.9) Here 𝑎 = – 1 , 𝑏 =  2 𝑎𝑛𝑑 𝑛ℎ =  3 

𝐼 =  𝑙𝑖𝑚
ℎ→ 0

ℎ[𝑓(−1) + 𝑓(−1 + ℎ) + 𝑓(−1 + 2ℎ) +  … … . 𝑓(−1 + (𝑛 − 1)ℎ)]  

= lim
ℎ→ 0

ℎ[(3 − 2 − 5) + [3(1 + ℎ2 − 2ℎ) − 2 + 2ℎ − 5] + [3(1 + 4ℎ2 − 4ℎ) − 2 +

4ℎ − 5] +  … . . [3(1 + (𝑛 − 1)2ℎ2 − 2(𝑛 − 1)ℎ) − 2 + 2(𝑛 − 1)ℎ − 5]]  

= lim
ℎ→ 0

ℎ[(−4) + (3𝑛2 − 4ℎ − ℎ) + (12ℎ2 − 8ℎ − 4) +  … … . (3(𝑛 − 1)2ℎ2 −

 4(𝑛 − 1)ℎ − 4)] 

= lim
ℎ→ 0

ℎ[(−4 − 4 − 4 … … 𝑛 𝑡𝑒𝑟𝑚𝑠) + (3ℎ2 + 12ℎ2 +  … . .3(𝑛 − 1)2ℎ2) +    (−4ℎ − 8 … . −4(𝑛 − 1)ℎ)] 

= lim
ℎ→ 0

ℎ[−4𝑛 + 3ℎ2(12 + 22 … . . (𝑛 − 1)2) − 4ℎ(1 + 2 + 3 … . . (𝑛 − 1))] 
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= lim
ℎ→ 0

ℎ [−4𝑛 + 3ℎ2  .  
𝑛(𝑛−1)(2𝑛−1)

6
− 4ℎ .

𝑛(𝑛−1)

2
] 

= lim
ℎ→ 0

[−4𝑛ℎ +
(𝑛ℎ)(𝑛ℎ−ℎ)(2𝑛ℎ−ℎ)

2
− 2(𝑛ℎ)(𝑛ℎ − ℎ)] 

𝑃𝑢𝑡 𝑛ℎ =  3  

∴  𝐼 =  lim
ℎ→0

[−12 +
(3)(3−ℎ)(6−ℎ)

2
− 2(3)(3 − ℎ)]  

      =  [−12 +
(3)(3)(6)

2
− 2(3)(3)] 

      =  −12 +  27 − 18  

      =  −30 + 27  

  𝐼 = – 3        𝐴𝑛𝑠 ….  

Check:  I =  ∫ 3𝑥2 + 2𝑥 − 5
2

−1
𝑑𝑥 

                 =  (𝑥3 + 𝑥2 − 5𝑥)−1
2 = (8 + 4 − 10) − (−1 + 1 + 5)  

                 =  2 –  5 = – 3        𝐴𝑛𝑠 … ..  

Q.10) 𝐼 =  ∫ 𝑒2𝑥+15

2
𝑑𝑥  

Sol.10) Here  𝑎 =  2 , 𝑏 =  5 & 𝑛ℎ =  3 

𝐼 =  𝑙𝑖𝑚
ℎ→0

ℎ[𝑓(2) + 𝑓(2 + ℎ) + 𝑓(2 + 2ℎ) +  … . . (𝑓(2 + (𝑛 − 1)ℎ))]  

  =  𝑙𝑖𝑚
ℎ→ 0

ℎ[𝑒4+1 + 𝑒4+2ℎ+1 + 𝑒4+4ℎ+1 +  … … 𝑒4+2(𝑛−1)ℎ+1]  

  =  𝑙𝑖𝑚
ℎ→ 0

ℎ[𝑒5 + 𝑒2ℎ+5 + 𝑒4ℎ+5 +  … . . 𝑒2(𝑛−1)ℎ−15]  

  =  𝑒5 𝑙𝑖𝑚
ℎ→ 0

ℎ[1 + 𝑒2ℎ + 𝑒4ℎ +  … . . 𝑒2(𝑛−1)ℎ]  

𝐺. 𝑃.  𝑎 =  1  , 𝑟 =  𝑒2ℎ   

  =  𝑒5 𝑙𝑖𝑚
ℎ→ 0

ℎ [1 . (
(𝑒2ℎ)

𝑛
−1

𝑒2ℎ−1
)]  

  =  𝑒5 𝑙𝑖𝑚
ℎ→ 0

[
𝑒2𝑛ℎ−1

𝑒2ℎ−1
]  

  =  𝑒5 𝑙𝑖𝑚
ℎ→ 0

ℎ [
𝑒2𝑛ℎ−1

𝑒2ℎ−1

2ℎ
×2ℎ

]                   … … {𝑎𝑑𝑗𝑢𝑠𝑡𝑚𝑒𝑛𝑡}  

  =  
𝑒5[𝑒6−1]

𝑙𝑖𝑚
ℎ→0

(
𝑒2ℎ−1

2ℎ
)×2

                             … . {∵   𝑛ℎ =  3}    

𝐼 =  
𝑒5(𝑒6−1)

2
          𝐴𝑛𝑠                  ……. {∵   𝑙𝑖𝑚

𝑥→0
(

𝑒𝑥−1

𝑥
) = 1} 

𝐶ℎ𝑒𝑐𝑘:  𝐼 =  ∫ 𝑒2𝑥+15

2
𝑑𝑥  

                 =  (
𝑒2𝑥+1

2
)

2

5

=
1

2
[𝑒11 − 𝑒5] =

𝑒5(𝑒6−1)

2
   ans, 
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