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APPLICATION OF INTEGRAL

Q1) Find the area bounded by the curves x2 + y2 = 4and (x - 2)2+y?2 = 1.
Sol.1)1) |x?2+y?= 4
(.) circle, center (0,0) ,rod = 2 &~
2) (x-2)2%2+y2 =1
(.) circle, center (2,0) androd = 1
Intersection point:
Put y2=4-x*in(x-2)%+y%2 =1
= (x - 2)2 + 4 - xz =1 (,?Jljr
= x2+4-4x +4-x2 =1
= 4x =7
> x = -
49 15 V15
syt=dmf 2 =g s y=T
7
Required area =2 [*/1 — (x — 2)% dx + 2 [F VA =22 dx
4
7
_ z 2
=2[E2 T= =27 +3sin7 (x - 2)|" +2[FvVa — a7 + 2sin7 ()]
2 2 1 2 2/1z
= 2[(—— 4 2sint (- 1)) (0+lsin’1(—1))]+2[(0+251n’1(1)) (Z 55 4 25in 1(2))]
Y [ LR NS WEN I Vs _ 1(2
- 2\/[_32 (4) + ] +\/2_[2 2" 2 28 (8)]
- o —1 Vs _d 7_ _ 7
BET ( ) totam Ty T4 (8)
—8\/_ -1 1
T 16 ( ) i~ ( )
. Required area = _\21_5 + 5;” —sin™? G) — 4sin™?! (g) sq. units ans.
Q.2) Find the area of the region {(x,y): y? < 4x , 4x? + 4y? < 9}.
Sol.2)1) | y? < 4x
(.) parabola
(.) vertex (0,0)
(.) open + ve x-axis
(.) solution inside the parabola
2) 4x% +4y?2 < 9 v
(.) circle T2
(.) center (0,0) . )
10, 372 yo=#
3) xZ_l_yZSZ x2+y2=%
(.) radius = 2 P il .
2 i~ O T i

(.) solution: Inside the circle
Intersection point

Puty? = 4xin4x? + 4y? =9
= 4x>+ 16x-9 = 0

=> 4x2+4+ 18x-2x = 0

= (2x-1) 2x +9) =

-
a3
-
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x = 5 (or) x =_79 (rejected)
fy =2

. 1
point (Eﬁ)

1 3
, _9 (2 2 [2_ .2
Required area = 2 [22V2 dx + 2 fg /4 x2 dx
1 3
,.L

- 24[_ — 0] +2 [(0 += sm_l(l)) ( V2 + gsin‘l (%))]

9 m V2 9 ., 1
2fp 2220 ()
3\/§+ 4 4 3
4 o \/E 9 . _4(1
—+————=sin 1(—)
3V2 8 2 2 3
2V2 2 9 9 . _4 (1)
=— ——+4 ——=sin =
3 2 8 2 3
V2 9m 9 . _4 (1 .
—~+ = —=sin 1(—) sq. units ans.
6 8 2 3

Q.3)

Find the area of the circle x> + y? < 16 and parabola y? > 6x.

Sol.3)1) |x%+ y? < 16

2)

(.) circle

(.) center (0,0)

(.) radius = 4

(.) solution inside the circle

y? = 6x )

(.) parabola

(.) vertex (0,0)

(.) open +ve x-axis

(.) solution outside the parabola

Intersection point (-4,0)

Put y2 = 6xin x2+ y2 = 16 ~—2

= x>+ 6x-16 =0

= (x+8)(x-2) =

x =-8 (rejected)and x = 2
= 2\/§ Radius = 4 units

and pointis (2, 2v3) ;

Required area = Area of circle — Interior area (or un-shaded area)

Area of circle = nr? = (16) = 16m sq. units

=2 [F VeV dx +2 [, V16 — x2 dx

=26 2(x3) +2[EVIE = + 8sint (2)]

=2 [2vz] + 2[(0 + Bsin (D) - (2\/5 +8sin~! (%))]
£+2[8.§—2x/§—8.%]

—ﬂ+8 — 43—

- (5 1) + o)

3
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i + 16—” sg. units
4/3 | 167
Now required area = 16T — S + =
=167 — 267 _ 43
3 3
32m 4\/_
=——— sq. units ans.
Q.4) Find the area of the circle 4x + 4y? = 9 which is interior to the parabola x? = 4y.
Sol.4)1) | 4x244y%2= 9orx?+y?= %
(.) circle
(.) center (0,0)
. 3
2) (.) radius = 5
2 4y
(.) parabola
(.) vertex (0,0)
(.) radius =;
Intersecting point:
Put x2 = 4yin 4x?+4y%2 =9
= 16y +4y?>=9
= 4y%2 + 16y-9 = 0
= 4y? + 18y-2y-9 =0
= 2y +9Q@2y-1 =
> y = _79( rejected) and y = %
SX = \/E
. 1
Point (\/f,;)
' (V2 2 2 X
Required area =2 [* |- —x? —=-dx
V2
=212 E_xz +25in_1(2—x —x—3
2 8 3 12|
2v2\  2v2
-2[(£ 2+t () -2D)-0)
2,9 2 2
=3 T (T) 3
= g + zsm_1 (?) sq. unit  ans.
Q.5) Find the area lying above x-axis and included the circle 4x? + 4y? = 32x and y? = 4x
Sol.5)1) | 4x? + 4y? = 32x
(.) circle
(.) center (4,0)
(.) radius = 4
= x*+ y?= 8
= x2-8x +y? =0
= (x-4)%-16 +y2 =0
= (x-4)?%*+y% =16
2) y? = 4x
(.) parabola
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(.) vertex (0,0)

(.) open +ve x-axis

Intersection point

Put y2 = 4xinx?+y? = 8x
= x?+4 4x = 8x

= x%2-4x =0

> x(x-4) =0 o C .0
x=0; x =4

=~ points (0,0) & (4,4)

=0 ;Y =
Required area = f04 2Vx dx + ff 16 — (x — 4)%2 dx Y
— 2 E * (x_4‘) 2 =1 X— 8
=2 .g(xZ)O + [T 16 — (x — 4)? + 8sin (T)L
4 o
=-(8—0) +[(0+8sin""(1)) — (0 + 0)]
=2,8=L
3 2
32 .
=?+4n sg. units ans.
Q.6) Find the area of the region in 1°* quadrant enclosed by x-axis, line x = \/§y and curve
=V4 —x2,
SO|6) 1) X = \/_y
(.) line passing through (0,0) Ya =3

(.) 30 with x-axis
y =44 —x?

= y? = 4-x2
= x?+y2 =4

2)

(.) circle
(.) center (0,0)
(.) radius = 2
3) Xx-axis
Intersection point:
Putx = V3yinx2+ y? =
= 3y? +y2 =4
= 4y? =
= y=1
= /3 and point is (\/§,1)

Required area = fo\/g%dx + fjiw; —x2dx
= (i)ﬁ + EW} —x2%2 +2sin™? (g)]\/§

- (F ~0) +[(0+2sin71 (1) - (L + 251 2]

2

V3 T
2\/_+2 ——2.—
i_\/__l_ 21r
6 3

_3vV3- 3\/_ T
~ 6 3
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2

()] [T 2t ()

. Y .
Required area = 3 59. units ans.

V3

Q.7)

Find the area of the region {(x,y): |x - 1] < y < v5—x?}.

Sol.7) 1) y < V5 — x2

2)

= y? < 5-x?

(.) circle

(.) center (0,0)

(.) radius V5

(.) solution: Inside the circle

y 2 |x-1]
Jy=2x-1;x-1>20=>x2>1
line

points (0,-1) & (1,0) 0 b
solution: towards the origin \
)y 2-x+1; x-1<0 = x<1 X2 4 y2=5
points (0,1) & (1,0)
solution: away from the origin
Intersection point:
Puty = x-1linx2+y%2=5
=>x% + (x-1)2=5
>x2+x2-2x+1=5
=>2x2-2x-4=0
>x?-x-2=0
5@xX-2)(x+1) =0
x =2and x =-1
y=1andy = 2
~ points are (2, 1) and (-1, 2)
Required Area:

=[P VE R < (ex+ D) dx 4 [PVE R~ (x - 1) dx

VBT Ssin (L) + T o x|+ [EVE AT 4 Zsint ()~ 4 2
2 2 Vs 2 1 L2 2 V5 1
2 () 42 ] o () 0201
5[(1 + g.lsin-ll(%) —52 + 2)]1 - [%3 242 ssin-1 (%)2— ~+ 1]5 o
= [1 +2.sin” (\/_g) —-+1+>sin™ (\/_g) —;] + [1 +2.sin™t (Tg) —1-.sin™" (Tg) —5]
=2-2+ gsin‘1 (Tlg) + gsin‘1 (%) + ;sin‘1 (\%) —%
2

Required area = % [5 sin™?! (%) + 5sin™?! (ﬁ) — 1] sg. units  ans.

Q.8)

2 2
Find the area bounded by the ellipse Z—Z + Jb% = 1 and the ordinates x = 0 and line x =

where b2 = a?(1 - e).

ae

Sol.8)1) | x*_ ¥ _ 1

2)

a?  b?
x = 0; y-axis
x = ae; aline parallel to y-axis at (ae, 0)
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3 YE=D - ae
a2 ' bz 1
Required area = 2 foanVaz —x?dx
b [x r— 5, a? . g (x\]%
=27 [JVa? =22 + sint (7))
2b | ae 5 5> , a* . _q(ae
=—||= .Va? — a?e? + —sin (—) - (0)
a |\ 2 2 a
2
:%[% .avl—e? +a7 .sin‘l(e)]
2
= % a? [e V1 —e? + sin~1(e)]
Required area = ab [e V1 —e2 +sin™?! e] sg. units ans.
2 2
Q.9) Find the area of the smaller region bounded by the curves % + 3;—2 = 1 and the line
x Yy _
a + ; =1.
Sol.9)1) |22 ¥ _4 Y
ar b BO,b) 2 , ¥ _
(.) ellipse SFE =1
(.) horizontal (leta > b)
(.) vertices (a,0) & (0,b)
XY e o :
2) ST, = 1
(.) line £
(.) points (a, 0) & (0, b) ;
Required area -
3 foag a?—x?— (Z (a— x)) dx {for ellipse = S(Vaz — XZ)}
=2 (a2 —x2 —a + xdx
a0
279a
=E[§,/7a2 — 2 — ax +x_]
al2 21g
_b 2 sin~1(1) — a? + 2 — _
_a[(o+ ~sin~1(1) — a? + 2) 0+0 0+0)]
_b [a_z z_ a_z]
“al2 "2 2
_b(aim _ a_z)
_a2 4 2
a“b (m
=—(=-—-1
il%b 21r )
Required area = —~ (5 - 1) sq. units ans.
Q.10) AOBA is the part of the ellipse 9x? + y? = 36 in the first quadrant such that 04 = 2

and OB = 6. Find the area between the arc AB and chord AB.
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Sol.10)1) | 9x? + y% = 36 (Divide by 36)
yZ

= T+? =1 Y

herea = 2&b = 3 andb > a

(.) ellipse

(.) verticals

A(2,0) & B(0,6)

Equation of chord A X'«

6-0
y=0=-=x-2)
=y =-3(x-2)
=>y=-3x+6
Required area = fozgv —x2—(—3x+6)dx
=3f02\/4—x2+x—2dx
2
=3[5vA—xZ +2sin" (3) + 2 - 2x|
=3[(0 + 2sin71(1) + 2 — 4) — (0)]
=3[2.2-2]
2

Required area = (3w — 6) sg. units  ans.

5
7

B (0, 6)

0

2)

A2,0
@0 .

2

0
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