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MATHEMATICAL INDUCTION(PMI)
CLASS XI

Q.1) Using PMI, show that 1 + T
(1+z) (1+2+3) (14243...n) _ n+1

1 1 2n

Sol.1 -
) | LetP(n):1+ (1+2) S evr e

(i) P(1): 1————=1

1+1
~ P(1) is true

(ii) let P(k) be true

P(k):1+ (1+2) + i Heee e T = ket

(iii) To prove P(k + 1) is true

1 1 1 2k+2
P(k + 1) 1+ (1+2) + (1+243) +'""""""'(1+2+3.......k) + (1+2+3.k+1)  k+2
1 1

1
TaklngL HS., 1+ (1+2) +m+ ..............

_ 2k 1

k+1 = (1+243....k+1)
2k 1

el T D2
2

1 1 _ 2k

(14+243.k)  (14243.k+1)

2k 2

k+1  (k+1)(k+2)
2k%+4k+2

(k+1)(k+2)
_ 2(k%+2k+1)
T (k+1)(k+2)
_ 2(k+1)?

T (k+1)(k+2)

= 2kt p s,
k+2

=~ P(k + 1)is true
=~ by PMI P(n) is true for alln € N.

Q2) By PMI show that, (1 + %) (1 + z) (1 + g) ............ (1 + (2::1)) =(n+1)?
Sol.2) | Let P(n): (1 + %) (1 + %) (1 ¥ g) ............ (1 + (2:‘:)) = (n+1)?

() P):(1+3) = (1 + 172
=>4=4

&~ P(1)istrue

(i) let P(k) be‘true

PU): (143 (1+3) (14, (1+ (2"”)) = (k + 1)?
(i) To prove P(k + 1) is true

P(k + 1): (1 + %) (1 + g) (1 + g) ............ (1 + (2"”)) (1 4 2KA3 ) = (k + 2)?

(k+1)2
Taking LHS, (14+32) (143) (14 2)o (14 E52) (14+ 229)

=+ D21+ 22 {from P(k)}

(l§+1)2
(k+1)2+(2k+3)
= (k+1)? [—(k+1)2
= k?+2k+1+2k+3
= k*+4k+4
= (k+ 2)?R.H.S.
&~ P(k +1)istrue
~ by PMI P(n) is true foralln € N.

Q.3) ShowbyPMI,;+1+l .............. 111

Sol.3) LetP(Tl):5+%+% .............. —=1—-=
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. 1
(i) P(1):
= - =
2

~ P(1) is true
(ii) let P(k) be true

101 1 1.1
(i) To prove P(k + 1) is true

1-1
2

-l
Nk

1.1 1 1 1 1
P(k + 1)5 + Z + 52_" + Sk+1 =1- ZkH1
. 1.1 1 1 1
Taklng L.H.S,, E + Z -: glz—k + 2K+
=1- 25 T g e {from P(k)}

= 1-{75)
= 1——RHS.

2k+1

~ P(k + 1)is true
~ by PMI P(n) is true foralln € N.
Q.4) By PMI, show that (ab)™ = a™b"
Sol.4) | Let P(n): (ab)™ = a™b™
i) P(1): (ab) = ab
~ P(1) is true
(ii) let P(k) be true
P(k): (ab)* = a*b*
(i) To prove P(k + 1) is true
P(k + 1): (ab)k+1 — ak+1bk+1
Taking L.H.S., (ab)**1
= (ab)*(ab)
= (akb*)(ab) .....o.n. {from P(k)}
= (aka)(b*b)
= ak*1p*FTIRH.S.
=~ P(k + 1)is true
~ by PMI P(n) is trueforalln € N.

Q.5 in(™1)6.sin(22
) By PMI, show that sin 6 + sin(260) +................. sin(nf) = %
sin( —
2
Sol.5) ) ) . sin(n—ﬂ)e.sin(ﬂ)
Let P(n):sin @ + sin(20) +.................sin(n@) = #
sin| —
2
in(21) g sin(?
() P(1):sin g = 22 )25mC)
sin(;)
= sinf = sinf
~ P(1) is true
(ii) let P(k) be true
. k+2 . k+1
. . . . sm(T)B.sm(T)e
P(k): sinf +sin(20) +.....ceuuue. sin(k0) + sin(k + 1)6 = . (9)
sin| —
2
(i) To prove P(k + 1) is true
P(k + 1):sin 8 +sin(26) +................. sin(k@) + sin(k + 1)6
. 1,1 1 1 1
Taklng L.H.S.,E+Z+§ .............. 2_k+%
. (k+1 . (k6
sm(T)B.sm(T) .
= +sin(k + 1)0 ........{from P(k)}

o
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= %+ 2sin (k )9.cos (%)9

= sin (k;rl) 0 [Sm( )+ZZZ((%))'COS(%)9] ....... {2sinAcos B = sin(4 + B) +
y ’ sin(4 — B)}
= Si:l(n(ze))e [sm( ) + sin ( ;2) 6 + sin (_Tkg)]

k+1

=L o () + s (52)0 - sn ()]
_ sin(s)osin()o
= sm(Z) R.H.S.

=~ P(k + 1)is true
~ by PMI P(n) is true foralln € N.

Q.6) Show by using PMI, cos . cos(2a) . cos(4a) ... ... ... cos(2™ 1) = %
Sol.6) | Let P(n):cosa.cos(2a).cos(4a) ... ... ... cos(2™ la) = Szi:(szini)
. ] __sin(a)
(i) P(1):cosa = Pynon
2sincosa
=>cosa = ,
2sina
= cosa = cosa
~ P(1) is true
(ii) let P(k) be true
sin(2¥a
P(k): cosa.cos(2a).cos(4a) ... ... ... cos(2¥"1q) = (—)
2k sina
(i) To prove P(k + 1) is true
sin(2¥*1q
P(k + 1):cosa.cos(2q) ... ... ... cos(2¥1a). cos(2%a) = ﬁ
Taking L.H.S., cos @ .cos(2a) «. ..0n.. cos(2¥1a).cos(2%a)
sin(2¥a)
= ke cos(Zka) Afrom P(k)}

Multiply & divide by 2
= + [2sin(2%@). cos(2ka)]

2. Zk sina

xSt [sin(2.2%a)]

2k+1 sin

= ——— +sin(2**1a) RH.S.

2"+1 sina

=~ P(k + 1)is true
~ by PMI P(n) is true foralln € N.

Q7) | By PMIshow that 7 + 77 + 777 ...... (777 .....7) = ==[10™* — 9n — 10]
S0l7) | Let P(0):7 + 77 + 777 . .. (777 ... 7) = 2= [10"*1 — 9n — 10]
(i) P(1):7 = é[w2 —9—-10]

=7 =é(81)=>7 =7

~ P(1)istrue
(ii) let P(k) be true

P(k): 7+ (7 + (777) .. . (777 ... 7) =
k-digits

7
ﬁ[lok“ -9k —10]

(i) To prove P(k + 1) is true
P(k + 1):
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7+ (77) + (777) oo e (777 o T) + (7777 o 7) = 71[ 0k+2 — 9(k + 1) — 10]

k digits (k + 1)digits
Taking LH.S, 74+ 77 + 7 o (777 v . 7) + (7777 ... .. 7)
k digits (k + 1)digits

[10%+1 — 9k — 10] + g [9999 ......(k + 1)times]
- [10%+1 — 9k — 10] + g [10k+1 — 1]

- [10K+1 — 9k — 10 + 9. 1041 — 9]

= [10 10%*1 — 9k — 9 — 10]

= Z[10%*1 — 9(k + 1) — 10] R.H.S.

81
~ P(k + 1)is true

~ by PMI P(n) is true foralln € N.

7
81
7
7
7

Q.8) Prove by Induction P(n): 1 X 1! + 2 X 21 + 3 X 3! +........... nxnl=Mn+1)'-1
Sol.8) |LetP(n):1x1'+2x2!+3x3!+...... nxnl=Mn+1'-1
()P(1):1x1'= (1+1)—1
=>1=2I-1
=>1=2-1=1=1
~ P(1) is true

(ii) let P(k) be true
P(k):1x1'+2x2!+3x3!+...... kxk!'=((k+=1Dr=1
(i) To prove P(k + 1) is true
Pk+1):1x11+2x2!+3x3! +...... kxkl+k+Dk+D)'=(+2)-1
Taking LHS., 1 X 11+ 2 X 2! 4+ 3 X 3! +... .. kxk!'+ (k+ 1)k + 1)!
k+1D)'—1+k+D(kADr.......... {from P(k)}
(k+ D' {k+1+1}—1
k+ 1) (k+2)=1
= (k+2)!—1RH.S.
~Pk+1 )|s true
~ by PMI P(n) is true for all nn€ N.

Q.9) Prove by PMI sina + sin(a.+ B) + sin(a + 28) + -+ ....... sinfe + (n—1)B) =
sm(a+(n 1)ﬁ').sin(g)
sm(f)
Sol.9) | Let P(n):sina +sin(a + B) + sin(a + 2B) + -+ ....... sin(a + (n — 1)B)

sin (n—l) sm—'[))
sinfa+ B sin ()

n (9

. . sin(a+0ﬁ).sin(£)
(I) P(l): sin @ =T)2
2
= sina =sina

~ P(1) is true
(ii) let P(k) be true

sin (a + (k ; 1) ,B).sin (%)

an(Z)

P(k): sina + sin(a + B) + -+ ... ... sin(a + (k —1)B) =

(i) To prove P(k + 1) is true
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P(k+ 1):sina +sin(a + ) + - ...... sin(a + (k — 1)B) + sin(a + kpB)
sin (a + %) .sin ((k +1) g)

sin (g)
Taking LH.S., sina + sin(a + B) + -+ ... ... sin(a + (k — 1)B) + sin(a + kB)
sin(a+(k'2;1)).sin(%) .
= = + sin(a + kB)
sm(;)
_ sin(a+(k2;l)ﬁ).sin(%)+sin(a+kﬁ).sin(§)
B sin(g)
Zsin(a+(k2;1)ﬁ).sin(%)+2 sin(a+kﬁ).sin(§)
2 sin(g)
cos(a+@—%)—cos(a+@+¥)+cos(a+kﬁ—§)—cos(a+k[3+§)

Zsin(g)
cos(a—g)—cos(a+kﬁ+§)+cos(a+kﬁ —g)—cos(oﬁkﬁ +§)
Zsin(g)

cos(a—g)—cos(a+kﬁ+§)

2sin(§)

sin(a_gﬂx;kﬁJrg).sin<a_g_az_kﬁ_§>
Zsin(g)
—sin(a+¥).sin(—§(k+1)>
sin(2)

sin(a+2kﬁ).sin((k+ l)g)

sin(g)
~P(k +1)is true
~ by PMI P(n) is true for alln €.N.

H.S.

Q.10)
Sol.10)

5 3 7
Prove by Induction that n? + n? + 1—: is a natural number foralln € N

5 3 7
Let P(n):n? + n? + 1—;‘ is'natural number

. 1 13 9w72 1,1, 7
(I)P(l).?+—3—+g—5+3+15

3#5+7 _ 15
15 15
= 1 which is a natural number
~ P(1)istrue

(ii) let P(k) be true

5 3
PO): T+t =T (TEN)
(i) To prove P(k + 1) is true

5 3
pees 1y EED° G D" 704D

= %[560k510 + 50, k* (1) + 5¢,k3 + 50,k + 5¢, k' + 5¢,k°] +§[3C0k3 +

3¢,k? + 3¢,k + 3¢, k0] + 72
= <[Kk® + 5k* + 10k® + 10k? + 5k + 1] + 5 [k + 3k + 3k + 1] + 2+ —
= ("—5+E+lk)[k4+2k3+3k2 +2k] T4+ =
5 3 15 5 3 15
=+ k*+2k3+3k*+2k+1
Which is a natural number
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&~ P(k + 1)is true

~ by PMI P(n) is true foralln € N.

Q.11) | If P(n):2.42"*+1 4 33741 js divisible by 7 for all n € N is true then the value of
Sol.11) | P(n): 2.42n*1 4 33n+1

Forn=1
P(1):2.43+3*=2x64+81 =209
Forn =2

P(2):2 x 45 + 37 = 2048 + 2187 = 4235
HCF of P(1) & P(2) i.e., 209 & 4235 is 11
~ P(n) is divisible by 11

=11

Q.12) | If P(n):49™ + 16™ + k is divisible by 64 is true, then find the least negative integral
value of k

Sol.12) | P(n):49™ + 16™ + k
Forn=1

P(1):49+16+k=65+k
k must be equal to —1
Since 65 — 1 = 64 which is divisible by 64 ans.
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