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 MATHEMATICAL INDUCTION(PMI) 
CLASS XI 

 

Q.1) Using PMI, show that 1 +
1

(1+2)
+

1

(1+2+3)
+…………..

1

(1+2+3…….𝑛)
=

2𝑛

𝑛+1
  

Sol.1) Let 𝑃(𝑛): 1 +
1

(1+2)
+

1

(1+2+3)
+…………..

1

(1+2+3…….𝑛)
=

2𝑛

𝑛+1
 

(i) 𝑃(1): 1 =
2

1+1
=

2

2
= 1 

∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): 1 +
1

(1+2)
+

1

(1+2+3)
+…………..

1

(1+2+3…….𝑘)
=

2𝑘

𝑘+1
 

(iii) To prove 𝑃(𝑘 + 1) is true 

𝑃(𝑘 + 1): 1 +
1

(1+2)
+

1

(1+2+3)
+…………..

1

(1+2+3…….𝑘)
+

1

(1+2+3…….𝑘+1)
=

2𝑘+2

𝑘+2
 

Taking L.H.S., 1 +
1

(1+2)
+

1

(1+2+3)
+…………..

1

(1+2+3…….𝑘)
+

1

(1+2+3…….𝑘+1)
 

  =
2𝑘

𝑘+1
+

1

(1+2+3…….𝑘+1)
 ………… {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 

 =  
2𝑘

𝑘+1
+

1
(𝑘+1)(𝑘+2)

2

 

 =  
2𝑘

𝑘+1
+

2

(𝑘+1)(𝑘+2)
 

 =  
2𝑘2+4𝑘+2

(𝑘+1)(𝑘+2)
 

  =  
2(𝑘2+2𝑘+1)

(𝑘+1)(𝑘+2)
 

  =
2(𝑘+1)2

(𝑘+1)(𝑘+2)
  

  =
2(𝑘+1)

𝑘+2
 R.H.S. 

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

 

Q2) By PMI show that, (1 +
3

1
) (1 +

5

4
) (1 +

7

9
)…………(1 +

(2𝑛+1)

𝑛2 ) = (𝑛 + 1)2  

Sol.2) Let 𝑃(𝑛): (1 +
3

1
) (1 +

5

4
) (1 +

7

9
)…………(1 +

(2𝑛+1)

𝑛2
) = (𝑛 + 1)2 

(i) 𝑃(1): (1 +
3

1
) = (1 + 1)2 

 ⇒ 4 = 4 
∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): (1 +
3

1
) (1 +

5

4
) (1 +

7

9
)…………(1 +

(2𝑘+1)

𝑘2 ) = (𝑘 + 1)2 

(iii) To prove 𝑃(𝑘 + 1) is true 

𝑃(𝑘 + 1): (1 +
3

1
) (1 +

5

4
) (1 +

7

9
)…………(1 +

(2𝑘+1)

𝑘2 ) . (1 +
2𝑘+3

(𝑘+1)2) = (𝑘 + 2)2 

Taking L.H.S., (1 +
3

1
) (1 +

5

4
) (1 +

7

9
)…………(1 +

(2𝑘+1)

𝑘2 ) . (1 +
(2𝑘+3)

(𝑘+1)2) 

  = (𝑘 + 1)2 [1 +
(2𝑘+3)

(𝑘+1)2] ………… {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 

 =  (𝑘 + 1)2 [
(𝑘+1)2+(2𝑘+3)

(𝑘+1)2
] 

 =  𝑘2 + 2𝑘 + 1 + 2𝑘 + 3 
 =  𝑘2 + 4𝑘 + 4 
  =  (𝑘 + 2)2 R.H.S. 
∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

 

Q.3) Show by PMI, 
1

2
+

1

4
+

1

8
…………..

1

2𝑛 = 1 −
1

2𝑛  

Sol.3 ) Let 𝑃(𝑛):
1

2
+

1

4
+

1

8
…………..

1

2𝑛 = 1 −
1

2𝑛  
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(i) 𝑃(1):
1

2
= 1 −

1

2
 

 ⇒ 
1

2
=

1

2
 

∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): 
1

2
+

1

4
+

1

8
…………..

1

2𝑘 = 1 −
1

2𝑘 

(iii) To prove 𝑃(𝑘 + 1) is true 

𝑃(𝑘 + 1):
1

2
+

1

4
+

1

8
…………..

1

2𝑘 +
1

2𝑘+1 = 1 −
1

2𝑘+1 

Taking L.H.S., 
1

2
+

1

4
+

1

8
…………..

1

2𝑘 +
1

2𝑘+1 

  = 1 −
1

2𝑘 +
1

2𝑘+1 ………… {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 

 =  1 − {
1

2𝑘 −
1

2𝑘+1
}  

 =  1 − {
2−1

2𝑘+1
} 

 =  1 −
1

2𝑘+1 R.H.S. 

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

Q.4) By PMI, show that (𝑎𝑏)𝑛 = 𝑎𝑛𝑏𝑛  

Sol.4) Let 𝑃(𝑛): (𝑎𝑏)𝑛 = 𝑎𝑛𝑏𝑛 
i) 𝑃(1): (𝑎𝑏) = 𝑎𝑏 
∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): (𝑎𝑏)𝑘 = 𝑎𝑘𝑏𝑘 
(iii) To prove 𝑃(𝑘 + 1) is true 

𝑃(𝑘 + 1): (𝑎𝑏)𝑘+1 = 𝑎𝑘+1𝑏𝑘+1 
Taking L.H.S., (𝑎𝑏)𝑘+1 

 =  (𝑎𝑏)𝑘(𝑎𝑏) 

  = (𝑎𝑘𝑏𝑘)(𝑎𝑏) ………… {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 

 =  (𝑎𝑘𝑎)(𝑏𝑘𝑏)  

 =  𝑎𝑘+1𝑏𝑘+1 R.H.S. 
∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

 

Q.5) 
By PMI, show that sin 𝜃 + sin(2𝜃) +……………..sin(𝑛𝜃) =

sin(
𝑛+1

2
)𝜃.sin(

𝑛𝜃

2
)

sin(
𝜃

2
)

 
 

Sol.5) 
Let 𝑃(𝑛): sin 𝜃 + sin(2𝜃) +……………..sin(𝑛𝜃) =

sin(
𝑛+1

2
)𝜃.sin(

𝑛𝜃

2
)

sin(
𝜃

2
)

 

(i) 𝑃(1): sin 𝜃 =
sin(

1+1

2
)𝜃.sin(

𝜃

2
)

sin(
𝜃

2
)

 

 ⇒ sin 𝜃 = sin 𝜃 
∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): sin 𝜃 + sin(2𝜃) +……………..sin(𝑘𝜃) + sin(𝑘 + 1)𝜃 =
sin(

𝑘+2

2
)𝜃.sin(

𝑘+1

2
)𝜃

sin(
𝜃

2
)

 

(iii) To prove 𝑃(𝑘 + 1) is true 
𝑃(𝑘 + 1): sin 𝜃 + sin(2𝜃) +……………..sin(𝑘𝜃) + sin(𝑘 + 1)𝜃 

Taking L.H.S., 
1

2
+

1

4
+

1

8
…………..

1

2𝑘 +
1

2𝑘+1 

     =
sin(

𝑘+1

2
)𝜃.sin(

𝑘𝜃

2
)

sin(
𝜃

2
)

+ sin(𝑘 + 1)𝜃 … … . . {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 
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    =  
sin(

𝑘+1

2
)𝜃.sin(

𝑘𝜃

2
)

sin(
𝜃

2
)

+ 2sin (
𝑘+1

2
) 𝜃. cos (

𝑘+1

2
) 𝜃  

 =  sin (
𝑘+1

2
) 𝜃 [

sin(
𝑘𝜃

2
)+2sin(

𝜃

2
).cos(

𝑘+1

2
)𝜃

sin(
𝜃

2
)

]……. {2 sin 𝐴 cos 𝐵 = sin(𝐴 + 𝐵) +

sin(𝐴 − 𝐵)} 

     =  
sin(

𝑘+1

2
)𝜃

sin(
𝜃

2
)

[sin (
𝑘𝜃

2
) + sin (

𝑘+2

2
) 𝜃 + sin (

−𝑘𝜃

2
)] 

     =
sin(

𝑘+1

2
)𝜃

sin(
𝜃

2
)

[sin (
𝑘𝜃

2
) + sin (

𝑘+2

2
) 𝜃 − sin (

𝑘𝜃

2
)] 

   =
sin(

𝑘+1

2
)𝜃.sin(

𝑘+2

2
)𝜃

sin(
𝜃

2
)

  R.H.S. 

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

Q.6) Show by using PMI, cos 𝛼 . cos(2𝛼) . cos(4𝛼) … … … cos(2𝑛−1𝛼) =
sin(2𝑛𝛼)

2𝑛 sin 𝛼
  

Sol.6) Let 𝑃(𝑛): cos 𝛼 . cos(2𝛼) . cos(4𝛼) … … … cos(2𝑛−1𝛼) =
sin(2𝑛𝛼)

2𝑛 sin 𝛼
 

(i) 𝑃(1): cos 𝛼 =
sin(2𝛼)

2 sin 𝛼
 

 ⇒ cos 𝛼 =
2sin cos 𝛼

2 sin 𝛼
 

 ⇒ cos 𝛼 = cos 𝛼 
∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): cos 𝛼 . cos(2𝛼) . cos(4𝛼) … … … cos(2𝑘−1𝛼) =
sin(2𝑘𝛼)

2𝑘 sin 𝛼
 

(iii) To prove 𝑃(𝑘 + 1) is true 

𝑃(𝑘 + 1): cos 𝛼 . cos(2𝛼) … … … cos(2𝑘−1𝛼). cos(2𝑘𝛼) =
sin(2𝑘+1𝛼)

2𝑘+1 sin 𝛼
 

Taking L.H.S., cos 𝛼 . cos(2𝛼) … … … cos(2𝑘−1𝛼). cos(2𝑘𝛼) 

     =
sin(2𝑘𝛼)

2𝑘 sin 𝛼
. cos(2𝑘𝛼) … … . . {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 

Multiply & divide by 2 

    =  
1

2.2𝑘 sin 𝛼
+ [2sin(2𝑘𝛼). cos(2𝑘𝛼)]  

   =  
1

2𝑘+1 sin 𝛼
+ [sin(2.2𝑘𝛼)]  =  sin (

𝑘+1

2
) 𝜃 [

sin(
𝑘𝜃

2
)+2sin(

𝜃

2
).cos(

𝑘+1

2
)𝜃

sin(
𝜃

2
)

] 

     =  
1

2𝑘+1 sin 𝛼
+ sin(2𝑘+1𝛼) R.H.S. 

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

 

Q.7) By PMI show that 7 + 77 + 777 … … (777 … … 7) =
7

81
[10𝑛+1 − 9𝑛 − 10]  

Sol.7) Let 𝑃(𝑛): 7 + 77 + 777 … … (777 … … 7) =
7

81
[10𝑛+1 − 9𝑛 − 10] 

(i) 𝑃(1): 7 =
7

81
[102 − 9 − 10] 

⇒ 7 =
7

81
(81)⇒7 = 7 

∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): 7 + (77) + (777) … … (777 … … 7) =
7

81
[10𝑘+1 − 9𝑘 − 10] 

 k-digits 
(iii) To prove 𝑃(𝑘 + 1) is true 
𝑃(𝑘 + 1):  
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7 + (77) + (777) … … (777 … … 7) + (7777 … … 7) =
7

81
[10𝑘+2 − 9(𝑘 + 1) − 10] 

 𝑘 𝑑𝑖𝑔𝑖𝑡𝑠 (𝑘 + 1)𝑑𝑖𝑔𝑖𝑡𝑠   
Taking L.H.S., 7 + 77 + 7 … … (777 … … 7) + (7777 … … 7) 
 𝑘 𝑑𝑖𝑔𝑖𝑡𝑠 (𝑘 + 1)𝑑𝑖𝑔𝑖𝑡𝑠 

  =
7

81
[10𝑘+1 − 9𝑘 − 10] +

7

9
[9999 … … (𝑘 + 1)𝑡𝑖𝑚𝑒𝑠]  

 =  
7

81
[10𝑘+1 − 9𝑘 − 10] +

7

9
[10𝑘+1 − 1] 

 =  
7

81
[10𝑘+1 − 9𝑘 − 10 + 9. 10𝑘+1 − 9] 

 =  
7

81
[10.10𝑘+1 − 9𝑘 − 9 − 10] 

  =  
7

81
[10𝑘+1 − 9(𝑘 + 1) − 10] R.H.S. 

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

Q.8) Prove by Induction 𝑃(𝑛): 1 × 1! + 2 × 2! + 3 × 3! +………..𝑛 × 𝑛! = (𝑛 + 1)! − 1  

Sol.8) Let 𝑃(𝑛): 1 × 1! + 2 × 2! + 3 × 3! +………..𝑛 × 𝑛! = (𝑛 + 1)! − 1 
 (i) 𝑃(1): 1 × 1! =  (1 + 1)! − 1 

⇒1 = 2! − 1 
⇒1 = 2 − 1 ⇒1 = 1 

∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 
𝑃(𝑘): 1 × 1! + 2 × 2! + 3 × 3! +………..𝑘 × 𝑘! = (𝑘 + 1)! − 1 
(iii) To prove 𝑃(𝑘 + 1) is true 
𝑃(𝑘 + 1): 1 × 1! + 2 × 2! + 3 × 3! +………..𝑘 × 𝑘! + (𝑘 + 1)(𝑘 + 1)! = (𝑘 + 2)! − 1 
Taking L.H.S., 1 × 1! + 2 × 2! + 3 × 3! +………..𝑘 × 𝑘! + (𝑘 + 1)(𝑘 + 1)!  
 = (𝑘 + 1)! − 1 + (𝑘 + 1)(𝑘 + 1)! ………… {𝑓𝑟𝑜𝑚 𝑃(𝑘)} 
 =  (𝑘 + 1)! {𝑘 + 1 + 1} − 1  
 =  (𝑘 + 1)! (𝑘 + 2) − 1  
 =  (𝑘 + 2)! − 1 R.H.S. 
∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

 

Q.9) Prove by PMI sin 𝛼 + sin(𝛼 + 𝛽) + sin(𝛼 + 2𝛽) + ⋯ … … sin(𝛼 + (𝑛 − 1)𝛽) =

sin(𝛼+
(𝑛−1)

2
𝛽).sin(

𝑛𝛽

2
)

sin(
𝛽

2
)

 

 

Sol.9) Let 𝑃(𝑛): sin 𝛼 + sin(𝛼 + 𝛽) + sin(𝛼 + 2𝛽) + ⋯ … … sin(𝛼 + (𝑛 − 1)𝛽) 

=
sin (𝛼 +

(𝑛 − 1)
2

𝛽) . sin (
𝑛𝛽
2

)

sin (
𝛽
2

)
 

(i) 𝑃(1): sin 𝛼 =
sin(𝛼+0𝛽).sin(

𝛽

2
)

sin(
𝛽

2
)

 

 ⇒ sin 𝛼 = sin 𝛼 
∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): sin 𝛼 + sin(𝛼 + 𝛽) + ⋯ … … sin(𝛼 + (𝑘 − 1)𝛽) =
sin (𝛼 +

(𝑘 − 1)
2

𝛽) . sin (
𝑘𝛽
2

)

sin (
𝛽
2

)
 

 
(iii) To prove 𝑃(𝑘 + 1) is true 
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𝑃(𝑘 + 1): sin 𝛼 + sin(𝛼 + 𝛽) + ⋯ … … sin(𝛼 + (𝑘 − 1)𝛽) + sin(𝛼 + 𝑘𝛽)

=

sin (𝛼 +
𝑘𝛽
2

) . sin ((𝑘 + 1)
𝛽
2

)

sin (
𝛽
2

)
 

Taking L.H.S., sin 𝛼 + sin(𝛼 + 𝛽) + ⋯ … … sin(𝛼 + (𝑘 − 1)𝛽) + sin(𝛼 + 𝑘𝛽) 

             =
sin(𝛼+

(𝑘−1)

2
).sin(

𝑘𝛽

2
)

sin(
𝛽

2
)

+ sin(𝛼 + 𝑘𝛽) 

    =  
sin(𝛼+

(𝑘−1)

2
𝛽).sin(

𝑘𝛽

2
)+sin(𝛼+𝑘𝛽).sin(

𝛽

2
) 

sin(
𝛽

2
)

 

   =  
2sin(𝛼+

(𝑘−1)

2
𝛽).sin(

𝑘𝛽

2
)+2 sin(𝛼+𝑘𝛽).sin(

𝛽

2
) 

2 sin(
𝛽

2
)

  =  sin (
𝑘+1

2
) 𝜃 [

sin(
𝑘𝜃

2
)+2sin(

𝜃

2
).cos(

𝑘+1

2
)𝜃

sin(
𝜃

2
)

] 

     =  
cos(𝛼+

(𝑘−1)𝛽

2
−

𝑘𝛽

2
)−cos(𝛼+

(𝑘−1)𝛽

2
+

𝑘𝛽

2
)+cos(𝛼+𝑘𝛽−

𝛽

2
)−cos(𝛼+𝑘𝛽+

𝛽

2
)

2sin(
𝛽

2
)

  

     =  
cos(𝛼−

𝛽

2
)−cos(𝛼+𝑘𝛽+

𝛽

2
)+cos(𝛼+𝑘𝛽−

𝛽

2
)−cos(𝛼+𝑘𝛽+

𝛽

2
)

2sin(
𝛽

2
)

 

     =  
cos(𝛼−

𝛽

2
)−cos(𝛼+𝑘𝛽+

𝛽

2
)

2sin(
𝛽

2
)

 

     =  

sin(
𝛼−

𝛽
2

+𝛼+𝑘𝛽+
𝛽
2

2
).sin(

𝛼−
𝛽
2

−𝛼−𝑘𝛽−
𝛽
2

2
)

2sin(
𝛽

2
)

 

     =  
−sin(𝛼+

𝑘𝛽

2
).sin(−

𝛽

2
(𝑘+1))

sin(
𝛽

2
)

 

     =  
sin(

𝛼+𝑘𝛽

2
).sin((𝑘+1)

𝛽

2
)

sin(
𝛽

2
)

 R.H.S. 

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

Q.10) Prove by Induction that 
𝑛5

5
+

𝑛3

3
+

7𝑛

15
 is a natural number for all 𝑛 ∈ 𝑁  

Sol.10) Let 𝑃(𝑛):
𝑛5

5
+

𝑛3

3
+

7𝑛

15
 is natural number 

(i) 𝑃(1):
15

5
+

13

3
+

7

15
=

1

5
+

1

3
+

7

15
 

 ⇒ 
3+5+7

15
=

15

15
 

= 1 which is a natural number 
∴ 𝑃(1) is true 
(ii) let 𝑃(𝑘) be true 

𝑃(𝑘): 
𝑘5

5
+

𝑘3

3
+

7𝑘

15
= 𝜋 ……… (𝜋 ∈ 𝑁) 

(iii) To prove 𝑃(𝑘 + 1) is true 

𝑃(𝑘 + 1):
(𝑘 + 1)5

5
+

(𝑘 + 1)3

3
+

7(𝑘 + 1)

15
 

 =  
1

5
[5𝐶0

𝑘510 + 5𝐶1
𝑘4(1)1 + 5𝐶2

𝑘3 + 5𝐶3
𝑘2 + 5𝐶4

𝑘1 + 5𝐶3
𝑘0] +

1

3
[3𝐶0

𝑘3 +

3𝐶1
𝑘2 + 3𝐶2

𝑘1 + 3𝐶3
𝑘0] +

7𝑘+7

15
 

  =  
1

5
[𝑘5 + 5𝑘4 + 10𝑘3 + 10𝑘2 + 5𝑘 + 1] +

1

3
[𝑘3 + 3𝑘2 + 3𝑘 + 1] +

7𝑘

17
+

7

17
 

 =  (
𝑘5

5
+

𝑘3

3
+

7

15
𝑘) [𝑘4 + 2𝑘3 + 3𝑘2 + 2𝑘]

1

5
+

1

3
+

7

15
 

 = 𝜋 + 𝑘4 + 2𝑘3 + 3𝑘2 + 2𝑘 + 1 
Which is a natural number 

 

Downloaded from www.studiestoday.com

Copyright © www.studiestoday.com 
All rights reserved. No part of this publication may be reproduced, distributed, or transmitted in any 

form or by any means, including photocopying, recording, or other electronic or mechanical 
methods, without the prior written permission.



www.st
ud

ies
tod

ay
.co

m

∴ 𝑃(𝑘 + 1 )is true 
∴ by PMI 𝑃(𝑛) is true for all 𝑛 ∈ 𝑁. 

Q.11) If 𝑃(𝑛): 2.42𝑛+1 + 33𝑛+1 is divisible by 𝜋 for all 𝑛 ∈ 𝑁 is true then the value of 𝜋  

Sol.11) 𝑃(𝑛): 2.42𝑛+1 + 33𝑛+1 
For 𝑛 = 1 
𝑃(1): 2.43 + 34 = 2 × 64 + 81 = 209 
For 𝑛 = 2 

𝑃(2): 2 × 45 + 37 = 2048 + 2187 = 4235 
HCF of 𝑃(1) & 𝑃(2) i.e., 209 & 4235 is 11 
∴ 𝑃(𝑛) is divisible by 11  
∴ 𝜋 = 11 

 

Q.12) If 𝑃(𝑛): 49𝑛 + 16𝑛 + 𝑘 is divisible by 64 is true, then find the least negative integral 
value of 𝑘 

 

Sol.12) 𝑃(𝑛): 49𝑛 + 16𝑛 + 𝑘  
For 𝑛 = 1 
𝑃(1): 49 + 16 + 𝑘 = 65 + 𝑘 
𝑘 must be equal to −1 
Since 65 − 1 = 64 which is divisible by 64 ans. 
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