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 LIMITS & DERIVATIVES 

Class XI 

Q.1) Differentiate using first principle method 𝑓(𝑥) = cos(3𝑥) 

Sol.1) 𝑑𝑦

𝑑𝑥
= lim

ℎ→0
(

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
) 

 = lim
ℎ→0

(
cos(3𝑥+3ℎ)−cos(3𝑥)

ℎ
) 

 = lim
ℎ→0

(
−2 sin(

6𝑥+3ℎ

2
).sin(

3ℎ

2
)

ℎ
)  {cos 𝐴 − cos 𝐵  𝑓𝑜𝑟𝑚𝑢𝑙𝑎} 

 = lim
ℎ→0

(
−2 sin(

6𝑥+3ℎ

2
).sin(

3ℎ

2
)

3ℎ

2

×
3

2
) 

 = lim
ℎ→0

(
sin(

3ℎ

2
).sin(

3ℎ

2
)

3ℎ

2

) × [−3lim
ℎ→0

(
6𝑥+3ℎ

2
)] 

 = 1 × (−3 sin(3𝑥))  {lim
𝑥→0

(
sin 𝑥

𝑥
) = 1} 

𝑑𝑦

𝑑𝑥
= 𝑓′(𝑥) = −3 sin(3𝑥) ans. 

Q.2) Differentiate using first formula 𝑓(𝑥) = tan(2𝑥) 

Sol.2) 
𝑓′(𝑥) =

𝑑𝑦

𝑑𝑥
= lim

ℎ→0
(

tan(2𝑥 + 2ℎ) − tan(2𝑥)

ℎ
) 

  = lim
ℎ→0

(

sin(2𝑥+2ℎ)

cos(2𝑥+2ℎ)
−

sin(2𝑥)

cos(2𝑥)

ℎ
) 

  = lim
ℎ→0

(
sin(2𝑥+2ℎ).cos(2𝑥)−cos(2𝑥+2ℎ).sin(2𝑥)

ℎ.cos(2𝑥+2ℎ) cos(2𝑥)
) 

  = lim
ℎ→0

(
sin(2𝑥+2ℎ−2𝑥)

ℎ.cos(2𝑥+2ℎ) cos(2𝑥)
)  {sin(𝐴 − 𝐵)  𝑓𝑜𝑟𝑚𝑢𝑙𝑎} 

          = lim
ℎ→0

(
sin(2ℎ)

2ℎ.cos(2𝑥+2ℎ) cos(2𝑥)
× 2) 

 = lim
ℎ→0

(
sin(2ℎ)

2ℎ
) × lim

ℎ→0
(

2

cos(2𝑥+2ℎ).cos(2𝑥)
) 

 = 1 ×
2

cos(2𝑥).cos(2𝑥)
 

∴ 
𝑑𝑦

𝑑𝑥
= 2 sec2(2𝑥) ans. 

Q.3) 𝑓(𝑥) = √tan 𝑥, find 𝑓′(𝑥) first principle method. 

Sol.3) 𝑓(𝑥) = √tan 𝑥 
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𝑓′(𝑥) = lim
ℎ→0

[
√tan(𝑥 + ℎ) − √tan 𝑥

ℎ
] 

Rationalize  

 = lim
ℎ→0

[
tan(𝑥+ℎ)−tan 𝑥

ℎ√tan(𝑥+ℎ)+√tan 𝑥
] 

 = lim
ℎ→0

[
tan(𝑥+ℎ−𝑥)−[1+tan(𝑥+ℎ).tan 𝑥]

ℎ√tan(𝑥+ℎ)+√tan 𝑥
] 

 = lim
ℎ→0

[
tan ℎ.[1+tan(𝑥+ℎ).tan 𝑥]

ℎ√tan(𝑥+ℎ)+√tan 𝑥
] 

 = lim
ℎ→0

[
tan ℎ

ℎ
] × lim

ℎ→0
[

1+tan(𝑥+ℎ).tan 𝑥

√tan(𝑥+ℎ)+√tan 𝑥
] 

 = 1 ×
(1+tan(𝑥+ℎ).tan 𝑥)

√tan 𝑥+√tan 𝑥
 

 =
1+tan2 𝑥

2√tan 𝑥
 

∴ 𝑓′(𝑥) =
1

2√tan 𝑥
. sec2 𝑥 ans. 

Q.4) 𝑓(𝑥) = sec2 𝑥 Using first principle method. 

Sol.4) 
𝑓′(𝑥) = lim

ℎ→0
[
sec2(𝑥 + ℎ) − sec2 𝑥

ℎ
] 

  = lim
ℎ→0

[

1

cos2(𝑥+ℎ)
−

1

cos 𝑥

ℎ
] 

  = lim
ℎ→0

[
cos2 𝑥−cos2(𝑥+ℎ)

ℎ.cos2(𝑥+ℎ).cos2 𝑥
] 

  = lim
ℎ→0

[
{cos 𝑥+cos(𝑥+ℎ)}{cos 𝑥−cos(𝑥+ℎ)}

ℎ.cos2(𝑥+ℎ).cos2 𝑥
] 

  = lim
ℎ→0

[
{cos 𝑥+cos(𝑥+ℎ)}{−2 sin(

2𝑥+ℎ

2
).sin(−

ℎ

2
)}

ℎ.cos2(𝑥+ℎ).cos2 𝑥
] 

  = lim
ℎ→0

[
2 sin(

2𝑥+ℎ

2
).sin(

ℎ

2
)×{cos 𝑥+cos(𝑥+ℎ)}

2×
ℎ

2
.cos2(𝑥+ℎ).cos2 𝑥

] 

  = lim
ℎ→0

sin (
2𝑥+ℎ

2
) × lim

ℎ→0
(

sin(
ℎ

2
)

ℎ

2

) × lim
ℎ→0

[
cos 𝑥+cos(𝑥+ℎ)

cos2(𝑥+ℎ).cos2 𝑥
] 

  = sin(𝑥) × 1 ×
(cos 𝑥+cos 𝑥)

cos2 𝑥.cos2 𝑥
 

  =
sin 𝑥.2 cos 𝑥

cos2 𝑥.cos2 𝑥
 

  =
2 sin 𝑥

cos 𝑥
.

1

cos2 𝑥
 

𝑓′(𝑥) = 2 tan 𝑥 . sec2 𝑥 ans. 
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Q.5) 𝑓(𝑥) = sin(𝑥2) Using first principle method. 

Sol.5) 
𝑓′(𝑥) = lim

ℎ→0
[
sin(𝑥 + ℎ)2 − sin 𝑥2

ℎ
] 

  = lim
ℎ→0

[
sin(𝑥2+ℎ2+2ℎ𝑥)−sin(𝑥2)

ℎ
] 

  = lim
ℎ→0

[
2 cos(

2𝑥2+ℎ2+2ℎ𝑥

2
).sin(

ℎ2+2ℎ𝑥

2
)

ℎ
] 

  = lim
ℎ→0

[
2 cos(

2𝑥2+ℎ2+2ℎ𝑥

2
).sin(

ℎ2+2ℎ𝑥

2
)

ℎ.(
ℎ2+2ℎ𝑥

2
)

× (
ℎ2+2ℎ𝑥

2
)] 

  = lim
ℎ→0

(
sin(

ℎ2+2ℎ𝑥

2
)

ℎ2+2ℎ𝑥

2

) × lim
ℎ→0

2 cos (
2𝑥2+ℎ2+2ℎ𝑥

2
) × lim

ℎ→0
(

ℎ2+2ℎ𝑥

2

ℎ
) 

  = 1 × (2 cos(𝑥2)) × lim
ℎ→0

[
ℎ(ℎ+2𝑥)

2ℎ
] 

  = 2 cos(𝑥2) × (
2𝑥

2
) 

   ∴  
𝑑𝑦

𝑑𝑥
= 2𝑥. cos(𝑥2) ans. 

Q.6) 𝑓(𝑥) = tan √𝑥 Using first principle method. 

Sol.6) 𝑓′(𝑥) = lim
ℎ→0

tan(√𝑥 + ℎ) − tan √𝑥 

  = lim
ℎ→0

[

sin(√𝑥+ℎ)

cos(√𝑥+ℎ)
−

sin √𝑥

cos √𝑥

ℎ
] 

  = lim
ℎ→0

[
sin(√𝑥+ℎ).cos √𝑥.cos(√𝑥+ℎ).sin √𝑥

ℎ.cos(√𝑥+ℎ).cos √𝑥
] 

  = lim
ℎ→0

[
sin(√𝑥+ℎ−√𝑥)

ℎ.cos(√𝑥+ℎ).cos √𝑥
] 

  = lim
ℎ→0

[
sin(√𝑥+ℎ−√𝑥)×(√𝑥+ℎ−√𝑥)

ℎ(√𝑥+ℎ−√𝑥).cos(√𝑥+ℎ).cos √𝑥
] 

  = lim
ℎ→0

[
sin(√𝑥+ℎ+√𝑥)

(√𝑥+ℎ+√𝑥)
] × lim

ℎ→0
[

1

cos(√𝑥+ℎ).cos √𝑥
] × lim

ℎ→0
[

(√𝑥+ℎ−√𝑥)

ℎ
] 

  = 1 ×
1

cos √𝑥.cos √𝑥
× lim

ℎ→0
[

𝑥+ℎ−𝑥

ℎ(√𝑥+ℎ+√𝑥)
] 

  = sec2 √𝑥 ×
1

(√𝑥+√𝑥)
 

∴  
𝑑𝑦

𝑑𝑥
=

1

2√𝑥
. sec2 √𝑥   ans. 

Q.7) 𝑓(𝑥) = 𝑥 cos 𝑥 Using first principle method. 
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Sol.7) 
𝑓′(𝑥) = lim

ℎ→0
[
(𝑥 + ℎ). cos(𝑥 + ℎ) − 𝑥 cos 𝑥

ℎ
] 

  = lim
ℎ→0

[
𝑥 cos(𝑥+ℎ)+ℎ cos(𝑥+ℎ)−𝑥 cos 𝑥

ℎ
] 

  = lim
ℎ→0

[
sin(√𝑥+ℎ).cos √𝑥.cos(√𝑥+ℎ).sin √𝑥

ℎ.cos(√𝑥+ℎ).cos √𝑥
] 

  = lim
ℎ→0

[
𝑥{cos(𝑥+ℎ)}+ℎ cos(𝑥+ℎ)−𝑥 cos 𝑥

ℎ
] 

  = lim
ℎ→0

[
𝑥{−2 sin(

2𝑥+ℎ

2
).sin(

ℎ

2
)}+ℎ.cos(𝑥+ℎ)

ℎ
] 

  = lim
ℎ→0

[
−2𝑥.sin(

2𝑥+ℎ

2
).sin(

ℎ

2
)

2×
ℎ

2

+
ℎ.cos(𝑥+ℎ)

ℎ
] 

  = lim
ℎ→0

(
sin(

ℎ

2
)

ℎ

2

) × [𝑥 lim
ℎ→0

(− sin (
2𝑥+ℎ

2
))] + lim

ℎ→0
(cos(𝑥 + ℎ)) 

  = (1)(−𝑥 sin 𝑥) + cos 𝑥 

∴  𝑓′(𝑥) = −𝑥 sin 𝑥 + cos 𝑥   ans. 

Q.8) 𝑓(𝑥) =
sin 𝑥

𝑥
 Using first principle method. 

Sol.8) 

𝑓′(𝑥) = lim
ℎ→0

[

sin(𝑥 + ℎ)
𝑥 + ℎ

−
sin 𝑥

𝑥
ℎ

] 

  = lim
ℎ→0

[
𝑥 sin(𝑥+ℎ)−(𝑥+ℎ) sin 𝑥

ℎ.(𝑥+ℎ)𝑥
] 

    = lim
ℎ→0

[
𝑥 𝑠𝑖𝑛(𝑥+ℎ)−𝑥 sin 𝑥−ℎ sin 𝑥

ℎ(𝑥+ℎ)𝑥
] 

  = lim
ℎ→0

[
𝑥{sin(𝑥+ℎ)−sin 𝑥}−ℎ sin 𝑥

ℎ(𝑥+ℎ)𝑥
] 

  = lim
ℎ→0

[
𝑥{sin(𝑥+ℎ)−sin 𝑥}−ℎ sin 𝑥

ℎ(𝑥+ℎ)𝑥
] 

  = lim
ℎ→0

[
𝑥{sin(𝑥+ℎ)−sin 𝑥}

ℎ(𝑥+ℎ)𝑥
−

ℎ sin 𝑥

ℎ(𝑥+ℎ)𝑥
] 

  = lim
ℎ→0

[
𝑥.2 cos(

2𝑥+ℎ

2
).sin(

ℎ

2
)

2×
ℎ

2
(𝑥+ℎ)𝑥

−
sin 𝑥

(𝑥+ℎ)𝑥
] 

  = lim
ℎ→0

(
sin(

ℎ

2
).sin(

ℎ

2
)

ℎ

2

) × lim
ℎ→0

(
𝑥.cos(

2𝑥+ℎ

2
)

(𝑥+ℎ)𝑥
) − lim

ℎ→0
(

sin 𝑥

(𝑥+ℎ)𝑥
) 

  = 1 × (
𝑥 cos 𝑥

𝑥2 ) −
sin 𝑥

𝑥2  

∴  
𝑑𝑦

𝑑𝑥
=

𝑥 cos 𝑥−sin 𝑥

𝑥2   ans. 
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Q.9) 𝑓(𝑥) = sin 𝑥 − cos 𝑥 Using first principle method. 

Sol.9) 
𝑓′(𝑥) = lim

ℎ→0
[
{sin(𝑥 + ℎ) − cos(𝑥 + ℎ)} − {sin 𝑥 − cos 𝑥}

ℎ
] 

  = lim
ℎ→0

[
{sin(𝑥+ℎ)−sin 𝑥}−{cos(𝑥+ℎ)−cos 𝑥}

ℎ
] 

   = lim
ℎ→0

[
2 cos(

2𝑥+ℎ

2
).sin(

ℎ

2
)+2 sin(

2𝑥+ℎ

2
).sin(

ℎ

2
)

 ℎ
] 

  = lim
ℎ→0

[
2 sin(

ℎ

2
){cos(

2𝑥+ℎ

2
)+sin(

2𝑥+ℎ

2
)}

2×
ℎ

2

] 

  = lim
ℎ→0

(
sin(

ℎ

2
)

ℎ

2

) × lim
ℎ→0

(cos (
2𝑥+ℎ

2
) + sin (

2𝑥+ℎ

2
)) 

  = 1 × (cos 𝑥 + sin 𝑥) 

∴  𝑓′(𝑥) = cos 𝑥 + sin 𝑥  ans. 

Q.10) 𝑓(𝑥) =
2𝑥2+1

𝑥−3
 Using first principle method. 

Sol.10) 

𝑓′(𝑥) = lim
ℎ→0

[
{
2(𝑥 + ℎ)2 + 1

𝑥 + ℎ − 3
} − {

2𝑥2 + 1
𝑥 − 3

}

ℎ
] 

  = lim
ℎ→0

[
{

2(𝑥+ℎ)2+1

𝑥+ℎ−3
}−{

2𝑥2+1

𝑥−3
}

ℎ
]  (repeat) 

  = lim
ℎ→0

[
(

2𝑥2+ℎ2+2ℎ𝑥+1

𝑥+ℎ−3
)−

2𝑥2+1

𝑥−3

 ℎ
] 

  = lim
ℎ→0

[
(2𝑥2+ℎ2+2ℎ𝑥+1)(𝑥−3)−(2𝑥2+1)(𝑥+ℎ−3)

 ℎ(𝑥+ℎ−3)(𝑥−3)
] 

  = lim
ℎ→0

[
2𝑥3−6𝑥2+2ℎ2𝑥−6ℎ2+2ℎ𝑥2−6ℎ𝑥+𝑥−3−2𝑥3−2𝑥2ℎ+6𝑥2+𝑥−ℎ+3

 ℎ(𝑥+ℎ−3)(𝑥−3)
] 

  = lim
ℎ→0

[
2ℎ2𝑥−6ℎ2−6ℎ𝑥−ℎ

 ℎ(𝑥+ℎ−3)(𝑥−3)
] 

  = lim
ℎ→0

[
ℎ(2ℎ𝑥−6ℎ−6𝑥−1)

 ℎ(𝑥+ℎ−3)(𝑥−3)
] 

  ∴  𝑓′(𝑥) =
−6𝑥−1

(𝑥−3)(𝑥−3)
=

−6𝑥−1

(𝑥−3)2 ans. 
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