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COMPLEX NUMBERS
Class X1

Quadratic Equation:-

Q.1)

Find all non-zero complex numbers z satisfying |z| = iz?

Sol.1)

letz=x+iy
We have |z| = iz
=>x—iy = i(x + iy)?

>x—iy= i(x? —y? + 2ixy)
=>x—iy= ix?—iy?—2xy
=>x—iy=—-2xy+ i(x? —y?)
Equating real & imaginary parts
=>x=—2xyand-y = x? —y?
=>x+2xy=0andx?—y2+y=0
Consider x + 2xy = 0
>x(1+2y)=0

2

:>x=0(or)y=7
Casel,whenx =0
>x2—-y2+y=0
>y(-y+1)=0
=>y=0(r)y=1
~x=0&y=0andx=0&y=1
=>z=0+0iandz=0+1i
(rejected) nz=1

Case 2, wheny = _71

. . V31, -3 1.
~ required complex numbers are = i~ =i and —— —jians.

Q.2)

Solve the equation z2 + |z| = 0.

Sol.2)

letz =x+ iy

We have z% + |z| = 0

=S +iy)2+/x2+y2=0

=>x%2 —y2 +2ixy+Jx2+y2=0
:>(x2—y2+m)+i2xy=0+0i

>x?—y?+/x2+y2=0and2xy =0
Consider 2xy = 0
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x=0o0ry=0

Case 1, whenx =0

Thenx?2 —y? + /x2+y2=0
=—y2+.y2=0
=-y*+|yl=0

Ify > 0then|y| =y
=>—-y2+y=0
>y(-y+1)=0
y=0ory=1

If y < 0then|y| = —y
=>—-y24+y=0
=>—-y(y+1)=0
y=0ory=-1
x=0y=00rx=0y=—-1...... (i)
Case 2, wheny =0

Thenx? —y2 +/x2 —y2 =0
>x2+Vx2=0
=>x%+|x|=0

If x > 0 then |x| = x
=>x2+x=0
>x(x+1)=0

x = 0orx = —1 (rejected since x > 0)
X=0;y =0 .cune.. (iii)
If x < 0 then |x| = —x
=>x2—x=0

>x(x—1)=0
x = 0orx =1 (rejected since x < 0)
Xx=0;Yy=0 ... (iv)

From (i), (ii), (iii) & (iv)
z=0+4+0i;z=0+4+1i;z=0—1ians.

Q3) | if|zg] = |Zy] = |Z3] o oo e o |2 = 1 show that |z, + Zy + 25 + -+ vv. 2| Zl+i+i+
L
o
Sol.3) | Wehave, |z; + 7, + 23+ - ... Z,]
= A 2R 5% L 525 (multiply & divide)
2 Z Z3 Zn
2 2 2 2
Ty T .. (27 = |2|2}
Zq Zy Z3 Zn
1 1 1 1
—_ %+%+%+"'% .............. {|Z1|—|Z2|—1}
1 1 1 1 ___  _ . _
—_ Z + Z + Z + DT Z {Zl + 22 —_ 21 + Zz}
e T 2] = |z|
Zq Zy Z3 Zn
Q.4) If |z2 — 1] = |z|?> + 1, show that z lies on imaginary axis.
Sold) |letz=x+iy
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Then|z? — 1] = |z]? + 1

=|(x+iy)?—-1| = x2+y22+1
=|(x?2—y2—-1)+2ixy| =% +y?)+1
=J(x2—y2—1) +4x2y2 =x2 +y2 +1
Squaring both sides
= (x? —y%2 —1)? + 4x%y? = (x? + y% + 1)?
=x*+y*+1—-2x%y% + 2y? — 2x? + 4x%y?

=x*+y*+ 14 2x%y2% + 2y% + 2x2 + 4x2y?

=4x2=0
=x2=0=x=0
z=0+1iy

Clearly z lies on y — axis

Q.5)

. . 22+1 . . .
If the imaginary part of % is —2, then show that the locus of the point representing z in

the argand plane is a straight line.
LOCUS is a path traced by a moving point (x, y)

Sol.5)

letz =x+1iy

Here, we have prove that equation containing x & y must be linear i.e., straight line

2z+1 2(x+iy)+1
Now - ==
iz+1 i(x+iy)+1

_ (@x+1)+izy
- (1-y)+ix
Rationalize
_ (2x+1)+i2yx(1—y)—ix
T A=y +ix 1-y)—ix
_ Cx+1D)A—-y)—ixx+1)+i2y(1 —y) —i?2xy
(1—y)*—i%x?
_ 2x—2xy+1—y—i(2x* +x) +i(2y — 2y%) + 2xy
B 1+y?—2y+x?
o (2x+1-y) 2y —2y? —2x? —x)
x4y -2y+1 : x2+y?2-2y+1
2z+1\ _ 2y—2y?-2x?-x
Here Im (iz+1) T x24y2-2y+41

Given Im (TZZ:) =-2

_2y—2y?-2x*-x _

x%+y?2-2y+1
=2y —2y%? —2x%* —x = =2x* - 2y*+4y -2
>x+2y—-2=0
Clearly this represents the equation of straight line

Q.6)

Let z; & z, be two complex numbers such that |z, + z,| = |z{| + |z,| then show that
arg(z,) —arg(z,) = 0.

Sol.6)

Letz; =1y (cos@; + isin6,)
And z, =1, (cos 0, + isin6,)
Here |z,| = 1y arg(z,) = 0,

= |z3] =1, arg(z;) = 6,
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We have, |z, + 73| = |z1| + |2;]

= |ry(cos @, +isinB,) + r,(cos O, +isinby)| =r + 1,

= |(r; cos By + 1, cos0,) +i(r;sinf; +r,sin6y)| =1 + 1,

= /(r; cos 01 + 1, c050,)2 + (1 sin By + 155N 0,)2 =11 + 1,

Squaring both sides

= 112 cos? 0 + 1,2 cos? @, + 211, cos B, cos B, + 1,2 sin? B, + 2147, sinf, sinh, =
(r1 +13)?

= 112(cos? 0, + sin? ;) + r,2(cos? 6, + sin? 8,) + 21,1, (cos B, cos B, + sin B, sinH,) =
2+ 12 +2nmn

> 12+ 12 + 2y cos(0; — 0,) =12 + 12 + 2,

=cos(f; —6,) =1

=6, —60,=0.... {cos6 = 1then 6 = 0}

=arg(z,) —arg(z,) =0

Q.7) What does this equation |z + 1 — i| = |z — 1 + i| represents.

Sol.7) | Let z=x+1iy

Then|z+1—-i|=]z—1+1i]
=>x+iy+1—i|l=|x+iy—1+i

=[x+ Di(y - DI =[x+ Dily + DI

>+ D2+ (y—-1D2=(x— 12+ (y+ 1)2
SVx2+1+2x+y2+1-2y=/x2+1—-2x+y2+1-2y

Squaring
S>x2+y?+2x—2y+2=x+y*+2y—2x+2
=>4x—4y =0
=>x—-y=0
Clearly this represents the equation of a straight line.
Q.8) Evaluate: 1 +i% + i* +i® + -+ .......1%°
soL8) |[=1—-14+1—-1+4--.4+1
= 1ans.

(An+1_j4n—1

Q.9) Find the value of 5

Sol.9) | _ imizithiT

2
10)-1(%
: > Q ... {i*" = (iH" = ()" =1}
i—(1) 1_1 i
PR 1 —IX;— l
2i
>—=1

Q.10) | What is the smallest positive integer n for which (1 + i)?" = (1 — i)™,

Sol.10) | We have, (1 +1)?"* = (1 — )"
(1+)?"
(1-izn
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